ON THE SMALL DIVISORS IN THE LUNAR THEORY* 


BY 
ERNEST WILLIAM BROWN 


INTRODUCTION. 


1. One of the greatest difficulties which occur in the actual calculations 
necessary to obtain the coefficients of the periodic terms which express the co- 
ordinates of the Moon in terms of the time, is the presence of small divisors. 
At each stage of the approximations either one or two such divisors enter in 
each set of terms, and the entrance of a small divisor means, in general, a loss 
of accuracy in the corresponding coefficient. To illustrate the manner in which 
these divisors enter, it is sufficient to refer to the general forms which the equa- 
tions of motion take. For example, consider the equations 


x+2= 4; cos (2i + a)t, 


y= 4; cos (2i + a)t 


where a,, b,, a are constants, a being nearly unity or nearly zero. 
The particular integrals are 

a, 

1 — (2i +a)’ ( 


b 
9; 
y= sin (Zi + a)é. 
The small divisors occur for 
i=0,—1 in x when a=1 nearly, 


i=0 in y when a=0O nearly. 


The corresponding coefficients are increased in size. If a numerical develop- 
ment is being made, the number of places of decimals to which the results are 
accurate will be less in the integrals than in the differential equations. If a 
literal development is under consideration such that a,, b;, a are series in posi- 
tive integral powers of a small quantity m, and if a or 1 —a be divisible by 


* Presented to the Society February 22, 1902. Received for publication February 4, 1902. 
tA ‘set of terms’ is defined in Article 10 below. 
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m, the particular coefficients referred to will be known to one less power of m 
than the corresponding coefficients in the differential equations. 


2. Now it is well known that, for all inequalities depending on the attractions 
of the sun and earth alone,* whatever small divisors may occur, the results 
never contain negative powers of m, where m is the ratio of the mean motions 
of the sun and moon.+ Hence, if a small divisor contains the factor m’”, the 
corresponding coefficients a,, 6, must also contain this factor. 

The coefficients of the periodic terms in each approximation depend on the 
results of previous approximations and there is, in general, a loss of accuracy at 
each stage, which arises in the following way. Suppose that a coefficient in the 
differential equations appears in the form 


(a) (6,+6,m + + b, m?) — (b, + b,m + bm? + m?), 


where the b,, b; are rational numerical fractions, i. e., it appears as the differ. 
ence of two expressions which are known to m”’. If the divisor be m, the re- 
sult is only known to m’-'. 

If, however, the calculations could have been so arranged that the coefficient 
appeared in the form 


(8) (b,m + b,m? + b, m?) (b,m + bi m? + m?), 


the result after division by m, would still be true to m’,t that is, there would 
have been no loss of accuracy. 


3. If the numerical value of m be used from the start, similar results hold ; 
instead of considering powers of m, we consider the number of places of decimals. 
The question of accuracy is a little more complicated since the coefficients of the 
higher powers of m are frequently large numbers, that is, the series arranged in 
powers of m converge slowly in many cases. But the gain in accuracy is great 
since m only occurs in the original differential equations as a factor to the first 
and second powers, so that we exchange a slowly eonverging (or perhaps diverg- 
ing) series in powers of m for a series }> b,10-' 
than 10. 


In the lunar theory m is about 7 


where 4, is a positive integer less 


x and the small divisors are generally infinite 
series of positive powers of m, beginning with the first power. The loss of 


accuracy caused by such a divisor at each stage of the approximations is gener- 


* The ratio of the mass of the moon to that of the sun is supposed to be neglected. 
¢In this theory m is the ratio n’//(n—n’), where n’, n are the mean motions. The state- 
ment is true for either m or m. 


” 


t The phrases ‘‘true to m”’’ or ‘* accurate to m” ’’ are taken throughout to mean that all coeffi- 


cients up to and inclusive of that of m” are accurately known. A similar meaning is attached to 
accurate to p places of decimals.’’ 


the phrase 


| 
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ally balanced by the presence of a new small factor independent of m and smaller 
than m ; this factor is one of the four quantities : e = the eccentricity of the moon’s 
orbit, e’ = that of the sun’s orbit, k = the inclination of the moon’s orbit, a = 
the ratio of the mean distances of the moon and sun. The numerical accuracy 
would be the same at any stage of the approximations as it is at the start were 
it not for two circumstances. First, at every stage of the approximations after 
the second (that is, when the order with reference to e, ¢’, k, a is greater than 
the first) there are one or more terms having as divisors series which begin 
with m’?; second, the numerical multiplier of the lowest power of m present in 
a coefficient may be large, and these multipliers tend, in general, to increase 
with the order of the term. These facts require the earlier approximations to 
be taken to a higher degree of accuracy than would otherwise have been neces- 
sary. There are no divisors beginning with m* within the practical limits set by 
observation.* The loss of accuracy due to a large numerical multiplier of the 
lowest power of m is judged by the ratio of the numerical value of the coefficient 
to Am! where A is the characteristic + and m‘ the lowest power of m present. 

When the literal value of m is used all the multipliers of the different powers 
of m are rational numerical fractions. If the numerical value of m be used from 
the outset, m being a quantity obtained from observation to a certain number of 
places of decimals, there is a loss of accuracy due to the use of a finite number 
of places of decimals in long and complicated calculations. I have examined 
elsewhere ¢ the maximum loss which can be produced from this cause and have 
shown that when the number of operations (addition, multiplication, etc.) is 
less than 63 the loss is not more than two places of decimals. As a matter 
of fact, however, the actual loss will never be more than this, however ex- 
tended be the calculations, since positive and negative errors tend to balance 
one another. 


4. The main object of this paper is to show how the method § now being used 
for the calculation of the inequalities produced by the attraction of the sun can 
be modified so that the total loss of accuracy, as far as the small quantity m 
is concerned, does not exceed gq — 2 powers of m when the 'order of the char- 
acteristic is q, with the exception of certain coefficients of the second and third 
orders. 

This theorem is proved for a literal expansion in positive powers of 
m,e,e’,k,a. From what has been said above it is not difficult to make an 

* The largest coefficient with such a divisor has the factor ek? m at least. In DELAUNAY’s 
notation this term has the argument /-+- 2F —4D—4l’, and the loss of accuracy for it is only 
one power of m. Cf. Art. 14, ete. 

+ The characteristic is defined in Art. 10. 

t Haverford College Studies, no. 11 (1892). 

$T. M. M., part I. See footnote 1 on page 164. 
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estimate of the degree of numerical accuracy required at the outset for a given 
degree of numerical accuracy in all coefficients. 

First, e, e’, k, a are all less than ;',, so that a characteristic of order g con- 
tains a factor 10~¢ at least. Second, large numerical multipliers cause a loss of 
two places of decimals at most within the limits set by observation. Third, an 
estimated loss of two places will occur owing to the use of decimals. Hence, 
within the limits set by observation, this maximum loss of accuracy in the terms 
of order g is gn 9494208 

The two quantities which require to be most accurately known for comparison 
with observation are the mean motions of the perigee and node and it is useful 
to have the ratio of these to the mean motion of the moon accurately to 9 
places of decimals. It is not necessary to know the numerical coefficients of 
the periodic terms to more than 8 places. The intermediate orbit—HILv’s 
variation curve *—used in the theory is the first approximation. In finding the 
principal parts of the motions of the node and perigee there is a gain of one 
power of m,f and an estimated loss of two places of decimals owing to ex- 
tended calculations over the results in the variation orbit—a net loss of one 
place. Hence, for these mean motions we require the variation orbit (which 
contains no small divisors) to 9 + 1 places, and, from the statement above, for the 
the coefficients of the periodic terms it should be known to 8 + 2 places. 
Hence, for all purposes it is sufficient to know the coefficients in the intermed- 


iate orbit to 10 places of decimals. 


5. In order to clear the way for the proof of the theorem enunciated in Art. 
4, a general formula is given in Sect. I for the gain or loss of accuracy in such 
expressions as actually occur in the theory. In Sect. II will be found the differ- 
ential equations in various forms and an investigation of the expressions which 
are affected by small divisors. Sect. ILI contains certain transformations which 
assist in preventing a loss of accuracy. In Sect. 1V the detailed discussion 
necessary to prove the theorem for the first four orders is given with a general 
indication of the proof for higher orders. 

It is quite possible that transformations might be found such that no loss of 
accuracy, as far as powers of m are concerned, occurs. Such transformations 
would doubtless be somewhat complicated and difficult to arrange for computa- 
tion. Moreover, from the result at the end of Art. 4, they are not practically 
necessary and it does not seem useful to extend analytical transformations, already 
somewhat long, beyond a point where theoretical or practical interest ceases. 

*G. W. Hitt, Researches in the Lunar Theory: American Journal of Mathematics, 


vol. 1 (1878). 
TG. W. HILt, Literal expression for the motion of the Moon’s Perigee: Annals of Math- 


ematics, vol. 9 (1894). The same result is obviously true for the motion of the node. 


wr 
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Section I. A CRITERION OF ACCURACY. 
6. Consider the expression 


117,’ 
where S,, 7, are power series in m, each of them known up to some definite 
power which may differ in the different series, the coefficients in the series be- 
ing rational numerical fractions independent of m, and where >> denotes a sum 
of such expressions. It is desired to find the highest power of m whose coeffi- 
cient is accurate when the expression is expanded in powers of m. 

As there is no need to consider the numerical coefficients in the power 
series, here and in the following sections (a, 8) will be used to denote a power 
series in which the first power of m whose coefficient is not zero is m* and in 
which the greatest known power of m is m*’. In accordance with this notation, 
put 
S,= B;), T, = 8), 


ILS, +7, = (a,, 8,) +1 (y,, 8,) =(A, B). 


It is desired to find B. When B is known for each such expression, the re- 
quired number is the least of the numbers PB present in >. The second num- 
ber in any parenthesis will be called the degree of accuracy. 

Suppose that any one of the series is known to any power of m, i. e., that 
the coefficients proceed according to a known law, or that its accuracy is greater 
than any we need to consider; we can signalize the fact by putting o for the 
second number in the bracket. Then 


(a, ©) =m*(0, o), 


and as (0, «) does not affect the accuracy of the result, we can collect all such 
terms in the numerator and denominator and consider the expression 


ant (212 Bi) By) 
8) 


First, noting the lowest power of m occurring in each series, we have 


Second, the number of terms in (A, #) cannot be greater than the number 


(A, B). 


of terms in any one of the component series. Hence 
B—Az= the leastof 8,—a,,8,—y¥,. 


These results determine A, B. 


| 
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7. In the applications to be made the following limitations may be imposed : 

(i) For all factors of the denominator in which y, = 0, 6, — y, is equal to or 
greater than any of the other 6, — y, or than any of the 8; — a,; 

(ii) The factors of the denominator in which y, + 0, are at most two in num- 
ber and then of the form (vy, 6)’; 

(iii) a,, y are positive; 

(iv) y<8. 

Thus the expression reduces to 


m*(a,, 8,) B,) ~(y, 6)?=(A, B) (¢=0, 1, 2), 


and in this 
A=k—qy+2a, 
B— A =the least of the numbers 8;—a;, 5—y. 
(v) The numbers a,, 8,, A, B will denote the numbers set down or any re- 
spectively greater numbers, but y, 6 always denote the definite numbers set 
down. 


Section III. THE DIFFERENTIAL EQUATIONS AND THEIR SOLUTION BY 
APPROXIMATION. SMALL DIVISORS. 


8. The differential equations. The notation adopted in the series of mem- 
oirs on the motion of the moon* will be in general used here. The equations 
of motions are + 


a. Pu+ 2m Du = 
cs 

(1) b. Ds — 2m Ds = aos 
Pz = 1 
2 Oz 


where x , y, z are the coordinates of the moon’s center and 


n', n being the observed mean motions of the sun and moon. Also 


* Ernest W. Brown, Theory of the Motion of the Moon, Memoirs of the Royal Astro- 
nomical Society, part I (1897) in vol. 53, pp. 39-116 ; part II (1899), pp. 163-202 ; part III 
(1900) in vol. 54, pp. 1-63. These will be referred to under the abbreviation ‘‘T. M. M., pts. 

+T. M. M., part I, section (ii). 


f 
n’ 
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(p=—1, 2, 3, 4, ---), 
= — = (function of wu, t), 


in which f is a homogeneous function of uw, s,z of degree p containing only 

even powers of z, and always multiplied by the factor m* except when p = — 1. 

Denoting by a,, a’ the mean distances of the moon and sun used in the theory, 


and f, contains the factor (a,/a’)?~? = a’ when p> 2; J, also contains ¢ ex- 
plicitly when p= 2. 
9. From the equations (1) the following are easily derived :* 


ar 


—8 
ou os 


( 
a. uDs —sDu — 2mus = (« 


B. Du- Ds + (D2 = C+f D“ (Df), 
C. D*(us + 22) —2Du- Ds — 2(Dz)' — 2m(uDs — sDu) = ¥ pf, 
d. D (us +2) — Du: Ds — — 2m(uDs — sDu) 

= C+D (DP), 
(2)} D(uDz—2Du) — 2mzDu= 


ff. D(us+2)— Du- Ds — (Dz? + uDs — sDu — 2m(2m + 1) us 


Os 


g. D(us+2)—Du- Ds— (Dz)’+ } (uDs—sDu)(1—m) — m(1+3m)us 


=C+ > (pt) {32 + 8m)(u%— py}, 
where D'f denotes the derivative of f with respect to VY —1(n—n’ )¢ only in 
so far as ¢ is contained explicitly in f, D~' denotes the operation inverse to D, 
i. e., an integration with respect to 1/ — 1(n—~n’)t, and C is a constant of 
integration. The equations (2B), (2C), distinguished by capital letters alone 
contain f_,. If the parallax of the sun be neglected f= /_, +f, and the equa- 


*T. M. M., pt. I, pp. 53, 54, contain equations (2a) — (2e) ; (2f), (2y) are obvious conse- 
quences of these. 
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tions with small letters are all of the second degree with respect to w,s, z ex- 
cept for the constant C; if the eccentricity of the sun be neglected, D'f= 0; 
if both these constants be neglected f= /f_,+_ f) and the equations give all 
terms depending only on m and the eccentricity and inclination of the moon’s 
orbit. Of these seven equations three only are necessary to replace equations 
(2) and one of the three must be (2c). 


10. The values of w, s, z derived from these equations are known to be for- 
mally expansible in cosines and sines of multiples of the angles (n — n’)t + t,, 
n't+t,,e(n—n')t+t,, g(n—n’)t+t,, with coefficients expanded in ascend- 
ing powers of m, e, e’, k, a, where ¢, g are constants to be determined. If we 
put 


the periodic terms can be expressed in positive and negative powers of b,¢, b,¢", 
b, f°, where = e'-!= const. Since we are only concerned here with 
the determination of the coefficients of the periodic terms and since m, ¢, g are 
supposed to be incommensurable with unity and finally, since the method used 
is that of indeterminate coefficients, the constants b, may be omitted throughout 
and then all periodic terms are expressible in positive and negative powers of 


The general expressions for u€—', z Vy — 1 are then sums of terms of the form 


where T = (21; — i, )e + (27, — i,)m + (27, — i, )g; 
2i=0,+1,+2,.---; 2i—%, = even no.; 


in uf~', the values of 7, are even, 
in z V — 1, the values of i, are odd and A_, = — X,; 


a, is the linear unit; ,, _; are positive power series in m for which the nota- 
tion * 


A, = (ee kisk 


with obtained by interchanging with e’, with n’, & with is used except 
when i, are all zero when A, = 

A set of terms contains all the terms for which iy i, are the same, i. e., 
the sum when i only receives all values. The characteristic of the set is 


*T. M. M., pt. I, p. 60. The form in which the notation is presented here has been slightlY 
changed but its essential character is unaltered. The coefficients for terms of the first order are 


(e)i, these are written ©,,©,,---, for the sake of brevity. 


— 


C= ef (an 
| 
| 

| 
| 
| 

| 
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ee’ k'sa‘s, and the order of the characteristic or simply the order of the set 

isi, +i,+%,+%,. The argument of any term is the index of ¢ in that term. 
The calculations show that 


g=l+m+ jm 


where the remaining parts consist of higher powers of m and terms involving 
powers of m and powers and products of e*, ¢’°, k’, a*. For our purpose, the 
first two terms in ¢c, g are alone of importance; the others all contain the factor 
m? (see Art. 3). 

11. The method of approximation consists in successively determining the 
terms of orders 0,1, 2,---. A set of terms of any given order can be found 
independently of all other sets of the same or higher order, but the coefficients 
in any one set depend on one another in the forms which the equations take 
here,* so that it is necessary to consider all the terms of a set together. Let 

where w,, z, contain all terms of order A, and suppose that we wish to deter- 
mine terms of order X (A + 0) in w or z, those of lower orders having been 
obtained. 


Let Q(u, s, z) be any one of the functions which we shall use, and let [Q], 
denote the terms of order A in Q after expansion has taken place. Then 


uv 


Put 


so that, after expansion by Taylor’s theorem, 


Cel +m| +5[ 52] + 


The known terms are thus separated out from the unknown terms and all the 
equations will be linear with respect to the unknowns. All our functions are 
such that Q contains either only even or only odd powers of z; in the former 
case the fourth term, in the latter case the first three terms are absent from [ Q],. 

When this notation is applied to the equations (2) the remarks of Art. 8 show 


*In a paper On the solution of a pair of simultaneous differential equations, etc. (Memoirs 
of the Cambridge Philosophical Society, vol. 18 (Stokes Memorial, 1900), pp. 94-106), 
I have shown how any coefficients in the set may be determined independently of all other 
coefficients of the same set when the terms of lower orders have been found. 


| 
| 
| 
| 
| 
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The symbol P, will be used as an abbreviation of the phrase “a positive 
ascending power series in m beginning with the gth power of m.” The letter 
P (without a suffix) stands for a similar abbreviation with the addition “ q¢=1.” 


12. The first approximation consists of the terms of zero order and is given by 
2 
= (i=0, +1, +2,---), 


in which a, is a certain length which we shall here put equal to unity, and 
a,= P,,. Also 

of, ef, 
—2-—4m+P,, =14+2m+P,, 8, 


07 
u, 


=1+4+ 2m + P,. 
The set of terms with a characteristic of order \ and arguments + (rt + 2i) 
are, for wu, given by 
us ) (i=0, +1, +2,---), 


where the characteristic is omitted. Substitute 


a-l 


A 


=) 

in equations (2) except (2c) and equate to zero the coefficient* of ¢***'. The 
various terms in the coefficient may be divided into three classes. The first class 
consists of the terms containing @,A,, @,A_,, or A,, A_, since a, = 1; the second 
class consists of terms of the form (g=2, j=9, +1, +2,---), 
since a,= P,,; the third class consists of known terms which do not involve 
A,, %;. The terms in the first class are those of principal importance in the 
determination of A,, A_,, since on them depends the existence or non-existence 
of small divisors. 

For brevity writet+ 


ALA VT instead of 


then the terms of principal importance in equations (2) are respectively 


a. 
B. +2’), 

3) C. 4+ 6m)(A+2X’), 
d. 
O(A—A')+ (7? —1— 2m)(A+ 2X’), 
q: 


9 
i 


* The coefiicients of [~‘**~"’ are equal in the equations. 


+ The fact that the symbol 2 has heen previously used for the characteristic does not cause any 
confusion, and these abbreviations are of considerable advantage. 


— 
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These results show that if any pair of the equations (2), excluding (2¢) and 
the pair (2a), (2B), be used, the determinant of a pair of equations for finding 
AX, A’ is, except as to a constant factor which is not small, 


T(7 —1—2m), 


and this is equal to P, if either 
T=P, tr=1l+m+P, (q=1le?). 


I have shown that the more accurate statement* of the case is that small 
divisors equal to P, occur if, and only if, 
T= P, tr=e+P, 
but the above statement is sufficient since e = 1 + m + P, and since we do not 
consider values of g greater than 2. 


13. Three theorems will now be proved, two of which are necessary for the 
discussion which follows. 

THeoreMI. Jf+r=1+m+ then 3X + can be determined with- 
out loss of accuracy due to the small divisor. 

For by (8a), (8d), the equations (2a), (2d) determine 


—(1+m)(3’+ A’) —(A—2’) (7-1 —m), 
(1 + 2m) (8A + A’) + (1 + 2m) (A — 2’) (7 —1 — m) + P,, 


respectively. Hence multiplying (2a) by 1 + 2m and subtracting from (2d), 
we shall have an equation to determine (1 — m)(3A +2’). All the other terms 
containing A, d’ in these equations have the factor P, at least, and therefore, 
since g =2, there is no loss of accuracy in the determination of P,A, Pr’ and 
therefore none in that of 8A +2’. 

TueoreM II. Jf t= P_, then can be determined without loss of 
accuracy due to the small divisor. 

For (3f), (2) show that the first approximation to \ + 2’ has this property 
and (328), (2B) show that then  — 2’ has the divisor 7. But the other terms 
in (2f) containing A, X’ have the factor P, at least, and there is no loss of ac- 


euracy in P,A or 


* Investigations in the Lunar Theory, American Journal of Mathematics, vol. 17 (1895), 


p. 356. This statement involves the divisor 7? P,, whent=P,. Moreover, the right hand 
member of equation (2a) involves the divisor. But whenever 7, 2’ are contained in the right 
hand member of (2a) they occur with the factor m’as1 + 7 = P4s~q which is equal to P, in the 


worst case (q = 2) and we are neglecting P, in the terms of principal importance. It might still 
be thought that when g —2, the terms involving m* might disappear in the determinant, so as 
to make the divisor equal to P;. That this is not the case I shall show in a future paper. 


| 
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Tueorem III. All the coefficients in 1/r for which t= P, are equal to 
(2, 8) and those for which t = P, are equal to (1, 8). 

If r= P,, (2a) shows that us —sDu=(1, 8); (2d) then shows that 
Du- Ds + (Dz) = (2, 8); (2B) then shows that f= (2, 8). The result 


follows since 


S =f_, + (2, 8) = (1 + 2m)/r + (2, 8). 


If r= P,, (2d) shows that Du- Ds + (Dz) = (1, 8) and thence, as before, 
from (22), = (1, 8). 
These three theorems show that the functions which may be found without 


loss of accuracy are 


BA 42, fortr=e+P; 
(q=1lor 2). 
+ T(A = r’), l/r = Fics for T= 


The degree of accuracy here referred to is that to which the known terms in 


the equation have been previously found. 


14. The special portions of the equations whose accuracy is affected by the 


small divisors. There are four cases to consider 
T= PP, T=1+m+ Fe (q=1or2). 


The case —rT=1+m-+4 gi is the same as T= 1+ m+ P, since the change 
— 7 for r merely alters the sign of X —X’. In all cases C’ is absent. 

(i) r= P,. Equation (27) determines 7(A — X’) without loss of accuracy. 
Also the right hand member contains the factor m* + 7 = P, at the worst and 
is therefore divisible by + without loss of accuracy. The only terms in the 
right hand member which are not divisible by 7 without loss of accuracy are 


(4) [— Du: Ds — (Dz) + }(uDs — sDu)), 
=[— D(s$) — D(sb)+ ) — (Dz)? 


for D*(us + 2) gives the factor r* and the terms other than those just written 
have the factor m. 

The problem here is so to express (4) or (4)’ that m or P, appears as a factor 
explicitly ; on division by 7, the degree of accuracy then remains the same pro- 
vided this factor itself is sufficiently accurate. 

(ii) t= P,. It would here be necessary to transform all terms in (29) except 
D’(us + 2), 3m?us, 1)f, which contain factors respectively, 
for ))-' produces a divisor /,, and the final division by t produces another such 
divisor. A special transformation is given in Art. 17 for this case; it will also 


serve for the previous case. 
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(iii) 7 = P, or P,. Equation determines 
(77 —1—2m)(A+4+ 2A’) = (q=1 or 2) 


without loss of accuracy. The right hand member has the factor m? and is 
therefore divisible by (, without loss of accuracy. The portion of the left 
hand member which does not contain m* explicitly is 


[ D? (us + 2°) — Du: Ds — (Dz) + — sDu — 2mus),, 
or, since 1” produces 7 and 7? = 1 + 2m + Toa 
(5) [— Du: Ds + uDs — sDu + us — (Dz) + D*(2)), 
(5’) = — [D(uf-')- D(sf) + (Dz? — D*(2)),, 


the terms which are explicitly divisible by s—e¢ = P, being omitted. This 
last is the expression to be transformed so as to show the factor P, explicitly. 


15. The previous results only refer to the terms in w; we have still to consider 
the equation for z. Consider equations (1c), (2e) and choose out the terms of 
order X. The terms of principal importance for the determination of the co- 
efficient of €* are obtained by substituting 


u=4,, 


and equating to zero the coefficient of €*" in (1c) or of €***" in (3e). Powers 
of m beyond the first being neglected, the equations give, for the terms of prin- 
cipal importance, 

(77—1—2m)dr. 


There is thus a divisor P, when tT=1+m-+/P,. The same remark as that 
made in Art. 12 applies here also, but with this difference: that the small di- 
visor approximates to — g? instead of — This difference, however, does 
not affect our argument, since c, g only differ by P, and we are not consider- 
ing divisors equal to P,. 


16. I shall now prove the 

THEOREM.— All coefficients in z can be determined without loss of accuracy 
due to small divisors in the equation for z. 

The only cases where there may be a loss of accuracy are in those coefficients 
where +7T=1+m-+ P or 2). 

Consider equation (3¢). The only terms which do not contain m? explicitly are 


(a) [D(uDz —zDu) — 2mzDu}),. 


1°. Suppose r= 1+m-+/P. Equate to zero the coefficient of 
Then (a) becomes, for this coefficient, 
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[— (m+ P)(uDz — zDu) — 2mzDu),, 
= [— P, (uDz —zDu) — mD(uz)], 
= [— P,(uDz —zDu) + m(m + P,)uz),. 


On dividing this by 77 —-1—2m= P, + P, no accuracy is lost since P, or 
m’ are present explicitly. 

2°. Suppose r= —1—m+P. Equate to zero the coefficient of ['*7. 
Then a becomes of the same form as before and consequently no accuracy is lost 
on dividing by 7? — 1 — 2m. 

The existence of this theorem is due to the fact that in z we have the coeffi- 
cients of ¢** numerically equal and that there are two different sets of equa- 
tions to determine them, since the equation (3¢) is not symmetrical with respect 
to €,€-'. We might have obtained another equation, (8e’), in which s, — D 
replace uw, D respectively. The sum and difference of (8e), (8e’) correspond to 
the rates of change of the areal velocity in the planes of xz, yz. 


Section III. TRANSFORMATIONS OF THE DIFFERENTIAL EQUATIONS. 


17. Transformation to avoid the loss of accuracy when t = P| (q =1 or 2). 
The equations (1) are, for terms of order y, 


of 4 
(D? 2mD)u_, = | — 2mD) = | : 


DP, = ° 


Multiply these by s,, u,, 2z, and sum for all values of uw, v except n= 0, 
vy = 0, such that 


(6) 


M+v=AX. 
The result may be written 
A—1 


pov 


| 8, + 2,2,) — 2Du, - Ds, — 2Dz,- Dz, + 2m(s, Du, — u,Ds)| 


A , 
=>) 


p’=2 


in symbolic notation.* 


* Thus the series is 


pay ar f arty 


where we put u— uy, 8%, z = Qin the partial derivatives after they have been formed. 
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Next, considering terms of order \, equation (22) may be written 


Du,: Ds, + Ds,- Du, — u, — 8, + (Du, Ds, + Dz, Dz,) 
0 
8 


in which the known and unknown terms have been separated. 
Divide the former of these equations by 2 and subtract from the latter so as 


to eliminate the terms in &*f. Also transform the partial derivatives of the 
first line of (8) by means of (6) with ~=0. The result may be written 


Du,: Ds, + Du, — (u,D’s, + s,D’u,) + 2m (u, Ds, — s,Du,) 
(9) + + 2(Du, -Ds,+Dz, -Dz,) + m(u, Ds,—s, Du,)} 


= e- 
Also, equation (2d) may be written re 
D? (u, 8, + 8,u,) — (Du, Ds, + Ds,- Duy) 
+ 2m(s, Du, —u, Ds, + s, Du, — u, Ds,) 
(10) + (u,8, +2,2%,) — (Du, - Ds, + Dz, -Dz,) + 2m(s, Du, —u, Ds,)} 


The terms of principal importance for the determination of A, X’ in (9), (10) 


are 


(7 

Now =P, when t= P,. Hence, multiplying (9) by (1+38m), (10) 
by 2 and adding, we obtain an equation for the determination of 7(A — X’) 
which, when divided by 7, i. e., subjected to the operation D~', will give X — 2X’. 
The equation which results from these processes is, after one or two transforma- 
tions, 

27(u,s, + 8, u,) — (u, Ds, + s, Du,)(1 — 3m) + 4m(u,s, — 8, u,) 
— 6(m/r){u,(D*s, + Ds, — m Ds,) + 8,(D?u, — Du, + m Du,)} 


(11) +3 > — m)7(u,s, +2,2,) + (m/7){2(Du, - Ds, + Dz, - Dz,) 
+(1—m)(s, Du, —u, Ds,)} 


22 1+3m 4 p'—2..,.., 38(1+m) 


fn’ 2 


= 
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For inequalities of the first two orders in which t = P, (there are none for 
t = P,), this equation serves to prevent any loss of accuracy. For in the left 
hand member, t only appears as a divisor in the combination m/t. The first 
term of the right hand member has the combination m*/7, the second term is 


absent, the third term has the combination m*/7’. ‘ 
When + = P,, the only terms in the left hand member which give rise to a ‘ 

loss of accuracy are those multiplied by m/r. For the first of these it should 

be noted that D’s, + Ds,, D’u,— Du, are divisible by m’. 


18. Transformation to avoid the loss of accuracy when +t=e + P, and 
the characteristic contains k°*. 


We have the equations* 


(D? + 2mD) u, = | (BP—2mD)s, 


of 
Ou 
of 
+ 2mD)u,. = | | 2mD)s,,= | 
08 


of of 
D2, =} |: | = | | 
k kb 


in which b is a characteristic of order X — 2 and not containing k. The right 
hand members of these equations may be expanded in powers of 


U—Uy, 2, 


the first pair does not contain z, the second pair contains z only in the second 
power, and the third pair only in the first power. The right hand members 


may be therefore written 


ef ar af , ef ar - af , 
+ + Ae ’ + 8, 4 ’ 
fy Us » Us ty Cu cucs 0 


where the functions [ ],,, [ ]{,, do not contain w,, s,, z,,, and are at least of the see- 


ond degree with reference to vu — u,, s — 8,, 2 or contain the factor m*. If, then, 


*In these equations it is more convenient to specify the characteristic than its order ; both 
methods are used in this article. 


r 
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we multiply the six equations by s,., w,., — — — 2+ 2%, respectively, all 


the terms but those arising from [ ];,, [ ],, will vanish and we obtain 
D Du, + U2 Ds, — 8, — + 2m (8,24, — ) 
(12) + 2, Dz, — %, — +m’ = 9, 


where Q,, Q, are power series in uw — u,, 8 — 8,, z containing only even powers 
of z and not containing w,, s,, z,,, the first terms being of degrees 3, 2 respec- 
tively. 

For the terms of characteristic bk’ which have the small divisor + 7— ec = P, 
we have to consider the expression (5)’. The portion of this containing w,,, 


s 18 


— D(s,$) — D(u,o-")- 
+ 2(z, + %,D%, + Dz,-Dz,,)- 

Adding twice the left-hand member of (12) to this, it becomes 

— D(s,$) — D825) 
(13) + 2D(s,, Du, + Ds, — s, Du, — u,Ds,2) 

+ 2m D(s,.u, — u,28,) + 42, D’z,, + 2Dz,-Dz,, —2[Q, Q, 
Since the coefficients of €** in this expression are equal, it is sufficient to con- 


sider the coefficients of [*. 
First, suppose that 7 — 2g does not contain g. We have 


= (M*), 6% + + (1, 10), 
where (k’”), are known to (Art. 22), and suppose that 
= + + (1, 10), 
in which o+2g¢=7. Substituting in (13), we obtain for the coefficient of 
8", 
— 2og + 2(o + 2g) (o — 2g + 2m + 2) = 2o(7 — g) + (2, 11) = (g, 11), 


since (Art. 20) g=1+m+(2,11), r—-g=r—e—(g—c) =(q,11), 
when tT —c = The coefficient of is not small. But (k*), = (2,11). 
For, if we put tr = 2g = 2(1 + m) + (2, 11), A=(f*),, X’ = (K”), in (3a) this 
expression becomes 


— (4— 4m) (Kk), + (k’), P,. 


All the other terms in (2a) either contain the factor m? explicitly or are formed 
from products (1, 10)(2,10) and are, therefore, at least equal to (2, 11). 


Trans. Am. Math. Soc. 12 
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Also (k’’), = (0,10) and, therefore, (k”),P, = (2,11); as there is no small 
divisor we obtain (4*), = (2, 11). 
Again, we have 
10), 
where £, = (0, 10)(Art. 31), and suppose that 
V — 1 = — + (1, 10). 


Then the term involving yk," in (13) has the coefficient t — g = (g, 11) and 
all others terms arising from z,, are equal to (1, 10)(1, 10) = (2, 11) at the 
worst. 

Collecting these results we see that all the terms of (13) except those in Qs; 
are either multiplied by m’, or are obtained to m"' or consist of the expressions 
8(2, 11), 8'(2, 11) — the result which this investigation was undertaken to 
demonstrate. 

Second, suppose that 7 does not contain 2g. Then 


where (kk), = (0,10). We use the untransformed expression (5’). The first 
two terms then contain the factor (2, 10) at least and it is only necessary to ex- 


amine (Dz)? — D(z’). 


Section IV. THE DEGREES OF ACCURACY OF THE COEFFICIENTS. 

19. The intermediate orbit is the variational curve. It will be assumed that 
the coefficients of the periodic terms in this orbit are obtained to a given degree 
of accuracy (Art. 4) equal to 10, and we shall examine the degrees of accuracy 
to which the terms of the first, second, --- orders may be found. I use a special 
number instead of a general one; nothing is lost in generality by this, for if we 
require the degrees of accuracy for any other starting number p, all that is nee- 
essary is to add p—10 to the degrees of accuracy throughout. The special 
number enables me to set down the results more briefly and clearly, and, more- 
over, by Art. 5, they are ready for immediate practical application. 

The argument refers throughout to the power of [ in wf-', z 1 — 1, unless 
otherwise stated. 

It will frequently occur that coefficients may be found more accurately and 
may begin with a higher power of m than the statement shows. In all cases, 
the statement refers to the lowest degree of accuracy and the lowest power of 
m which it is necessary to consider; that is, the expression (p, q) may include 
the cases (p+ p',qg+4q) where p'=0, g’= 0, except in the cases of di- 
visors when p’ is always zero and g + q’ is either 11 or ~. See Art. 7 (v). 

The results are all collected in the table of Art. 31; the discussion will be 
more easily followed by referring to this table rather than to the text. 


| 
| 
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Terms of Zero Order. 


(i=0, +1, +2,---). 


20. Here u = u, and 


As a, is the unit of length, we shall put 4, =1. Then 
a,=(0,@), a@,=(2i, 10) = (2, 10) (i+ 0). 
The principal parts of c, g can be found to m" (Art. 4), so that 
e=1+m+(2,11), g=1+m+/{(2, 11). 


Also the terms containing m°, m', m’ never all disappear at the same time from 
i+ie+i'g+ i'm, i.e., from any divisor, to the degree of approximation con- 
sidered here (Art. 3). 

Terms of the First Order. 


21. There are terms for which r= 7 = where = 1, but none 
for which g = 2. For such terms the expressions (4), (5)’ respectively reduce to 


— Du,: Ds, — Du, + }(u, Ds, — 8, Du, + u, Ds, —s,Du,), 
— D(s,£) — D(s, 
Since D(u,¢-'), D(s,¢) are equal to (2, 10), these may be written 
(4), 1 D(u,s,— 8,u,) + (2, 10) Du, + (2, 10) Ds, ("=P), 
(5), (2, 10) D(u,&-") + (2, 10) D(s, (r—c=P,). 


For the characteristic e’, the coefficients of €*™ have the divisor m and there- 
fore all coefficients can be obtained to m*’. But (4),, on division by m, gives, 
for terms other that the principal ones, (1, 9)(2, 10) +m = (2, 10), and all 
the other coefficients can be obtained to m"’. Noting (3a), (2d) we find that 


Ms = (1,10); 1, +0), 2,5 7; = (2, 10) (i 1). 
For the characteristic a, the coefficients of €*' have the divisor 
1—e=(1, 11). 
Treating these coefficients in a similar manner with (5),, (3a), (2d) we obtain 
(1,10); 3a, + a_,,,a,= (2, 10) (i+ +4). 


For the characteristic e, there is more difficulty in avoiding loss of accuracy. 


We put 


| 

| 

| 
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and use equations (2a), (2). One of the pair ¢,, €) is arbitrary; put* 


The equation will then give e_,, = (1, 9), e_, + =(2, 10), and all the 
other coefficients with a degree of accuracy 10. 
But adding equations (2B), (2d), we find, for the terms giving u,, 


OF Of 
D*(u, 8, + = [/]. | + 8, “25 | + 3 Ls 
K 9 
= (u,8, + 8,%,) +m?(0, 9) 


from the values already found. Since «/r3 = 1+ 2m + (2, 10), we have for 


the coefficient of [°-* in this equation, 
((e — 2)? —1 — 2m + (2, 10)} fe_, + | + (2, 10)} = (2, 11), 
or, since e_, + €, = (1, 9), (e— 2)? —-1—2m=(1, 11), 
(1, 11)(e_, + + (1, 9)(2, 10) =(2, 11). 


Hence + = (2, 11) + (1,11) = (1,10). This, with e_, + = (2,10), 
gives the following results: 


€,.€,= (0,11); =(1, 10); 
+ €,, €_, + €, = (2, 10) —1). 


The coefficients of z, are given in the table. 


Terms of the Second Order. 


22. For the terms for which t= P, we can use equation (11) which deter- 
mines all such coefficients without loss of accuracy, since the second term of the 
right-hand member does not exist. . 

There are no terms for which t = P,. 

The terms for which tr — e = P, or P, can only occur with the characteristics 
ee’, ea. 

The terms with characteristic ee’ are formed of the products of terms with 
characteristics 0, ee’ and e, e’; they all contain m as a factor and the small di- 
visors are equal to P, = (1,11). Now the characteristic e’ only occurs in (5’) 
in the forms D(u,¢-'), D(s,¢), and these are equal to m(1, 10) = (2, 11) 
for the coefficients of ¢*". When the multiplication is made with the terms of 
characteristic e, we obtain for the coefficients of £*°*™ 


*T. M. M., pt. I, p. 71. 


— 


| 
| 
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(2, 11)(0, 10) + (2, 10)(1, 10) = (2, 11); 


this, divided by P, , 

characteristics 0, ee’ are at the worst equal to (2, 10)(1, 10) = (8, 11), which, 

divided by (1, 11), gives (2, 10). Hence all are obtained accurately to m’’. 
The terms with characteristic e’a are treated in the same way. The terms with 


gives (1,10). The terms formed by combining the terms of 


arguments + (1 — m) which give a divisor P, contain the factor m, those with 
arguments + (1 + m) which give a divisor P,, do not contain this factor. For 
those formed of the products from e’ and a we obtain (2, 10)(1, 10) = (8,11). 
Considering the combinations 0, e’a, we find that for arguments + (1 — m), 
(5)’ is equal to (0, 9)(2, 10), which, divided by P,, gives (1, 9), and that for 
arguments + (1 + m), (5)’ is equal to (1, 9)(2, 10), which, divided by P,, gives 
(1,9). The remaining coefficients which have no small divisors can be found 
tom’, Also 


3 (na), + = (2,10), (na)_., + 3(n'a),, = (2,10). 


It is necessary for the third order terms to obtain (y”),, (n”)_, tom". That 
this is possible is seen by substituting t= + 2(1 + m) successively in (8a); 
the terms of principal importance becomes — 4(1 + m)d’, —4(1+m)A. All 
the other terms in (2a) are of the form (2, 10)(1, 10) = (8, 11) or are fac- 
tored by m or m’ and there is no small divisor. 

All terms in z are obtained to m’’. 

Thus all inequalities of the second order are obtained to m'° except those 
with characteristic e’a and arguments + 1 + m; these are obtained to m’. 


Terms of the Third Order. 


23. It will be shown that all but two coefficients can be found to m’. 

Consider the equations (3), (3f) for coefficients which have no small divisors. 
We shall show presently that in the worst case of small divisors the coefficients 
can be obtained to m*. In the equations for coefficients with no small divisors, 
the coefficients with small divisors are multiplied by (2, 10) at least. Hence 
no loss of accuracy arises from this source. The only terms of lower orders 
which are not obtained to m"’ are the coefficients of €*'*" in the characteristic 
e'a. As third order terms are formed in these equations from products of first 
and second order terms, these products in this particular case will be 


(p.10)(0, 9) = (1,10) unless p=0, 


and p= 0 only for the coefficients of ¢**. Hence the only coefficients which 


'° are those of characteristic ee’a and arguments 


are not obtained to m 
+e+1+m; of these, the arguments +(¢ + 1 +m) do not give rise to small 


divisors. 


| 
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24. For the case t= P,, the equation (11) is sufficient to avoid all loss of 
accuracy, except for the second term in the right-hand member. But this, being 
of the third degree with respect to powers and products of u—u,, 8 — 8,, z 
must be formed of first order terms only. These are all equal to (1, 10) at 
least except for the characteristics e*, ek’?, which do not give rise to small 
divisors t= P,. On division by t = P, the results are in any ease true to m’. 

The only case in which t = P, is that of the coefficients of [*‘-'-™ in the 
characteristic ee’a. The only term in which we appear to lose more than one 
degree of accuracy is the second term in the right-hand member of (11). But 
this term is formed from the characteristics e, e’, a, that is, it is of the order 


(0, 10)(1, 10)(1, 10) + (2, 11) =(1, 9), 


at the worst. The first term involving m/r in the right-hand member is, at the 


worst, equal to 


m{(0, 9)(2, 10) + m(0, 9)} + (2, 11) =(0, 9). 


The last term of the right-hand member involves a loss ‘of one power of m but 
it does not contain terms of characteristic e’a and therefore can be formed to 
m’; it contains a term involving m~'. This term is cancelled by a similar term 
in the second term of the left-hand member factored by m/r, but as this term 
contains terms from the characteristic e’a it can only be found to m*.* 


25. When t= ec + P_, the only cases in which we might not be able to obtain 
the terms correctly to m* oceur in the characteristics ea, ek’, ee”. 

For the only case in which the terms of the first and second orders are not 
known to m” occur in the characteristic e’a; but the expression (5)' shows that 
these exceptional terms occur only multiplied by terms of characteristic e’, that 
is, they are of the form 


(2, 10)(0, 9) + (1, 11) =(1, 9), 


since D(u,f-'), D(s,f) are equal to (2, 10) and g = 1 for these terms. The 
products of terms of characteristics e’a with those of characteristics e’, a do not 
give arguments T= e+ P. 

Also the only terms which contain a divisor P, occur in the characteristics 
ek?, ee’, and the terms of lower orders from which these are formed are known 
tom". Hence the terms for which g = 2 can in any case be obtained to m*, as 
the expression (5)’ shows; suppose these (the worst case) are equal to (0, 8)- 
Then for the terms in which g = 1, the only case in which we could not obtain 


* The terms involving m—'! could doubtless be transformed so as to cancel one another before 
development. But I have not thought it worth while to attempt this since this characteristic is 
very small compared to most of those of the third order. It is to be noted that D’f contains the 


factor m°, since ¢ occurs only in f, in the form ¢* where p= 2. 


_ 
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the results correctly to m° is that which arises in (5’) from the combination of 
the terms in ek’, ee’ which are equal to (0, 8) with those of order zero. But 
the latter are equal to (2, 10). Hence the worst case in (5)’ is (0, 8)(2, 10). 
As this, when divided by (1, 11), gives (1, 9), we are able to obtain the terms 
in ek?, ee’® for which t = e + P, to m’. 

The arguments of the terms of characteristic ek’ which are equal to +e + P, 
are +(e — 2g). The combination of characteristics in (5)' are 0 with ek’, e 
with k’, k with ke. The worst case of 0 with ek’ is, since the terms of argu- 
ments + (c — 2g) do not enter, 


(1, 9) (2, 10) + (2, 11) =(1, 9); 


they are therefore correct tom’. We use Art. 18 for the other combinations, 


putting b=e. Then 
B, B=(0, 10), [Qs lize = 9, 


since (), does not contain terms of characteristics e, ek’, ek, and the terms with 
characteristics k’, k can only arise in combination with e, ke respectively. 
All the other conditions of Art. 18 are fulfilled and therefore the results can 
be obtained to m’. 

Finally the arguments of the terms in ee” which are equal to +e + P, are 
+(2—e+42m). The combinations of characteristics in (5’) are e’, ee’ and 
e,e’. The former gives (1, 10)(1,10)=(2,11). The only cases in the 
latter which are not also equal to the same, are the combinations of ¢€,, €, with 
(n*),5 (n’°)_,. But we have obtained (Art. 22) the latter pair to m" and there- 
fore the combinations are (0, 10)(2, 11) =(2,11). Hence, on division by 
(2, 11) all terms can be obtained to m’. 


26. As there is no loss of accuracy in the equation for z (Art. 15) the only 
terms in z which cannot be obtained to m" are those arising from e’a and there- 
fore contained in the characteristic ke’a, with arguments + g + (1 + m); these 
are equal to (0, 9). 


be the terms with argument + g+ (1+ m) in 2 —1, and in equation (2e) 
separate out the terms which are not true tom”. We find 


D(u, Dz 


~ke’a 


— Du, + Dz, — %, = (1,10). 
Equate to zero the coefficients of €*+'*™+', €*-'~-™+" and isolate the terms which 
are not equal to (1,10). We find 


* So that, according to the general scheme of notation, 


(ky’a)_-x, =(kn’a)x, = (kya). 


| 

| 
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3 {u—(na),,k,} = (1,10), {— + (n’a)_.h,} = (1, 10). 
Whence 


(4) 


+ k,{3(na),; + (n'a)_.} + (1, 10) 
= (0, 10) (2, 10) + (1, 10) = (1, 10), 


by the result at the end of Art. 22. 
Let u,, », be the coefficients for the arguments + g + (1 — m) we then find 
in an exactly similar manner, since 3 (n’a),, + (na)_., = (2, 10) (Art. 22), 


(2’) 3u, +m, = (1, 10). 
The results (a), (a’) will be needed later. 


Terms of the Fourth Order. 


27. It will be sufficient, in order to prove the theorem of Art. 4, to show that 
these terms can be obtained accurately to m*. As all coefficients of previous 
orders are known to m® except those of arguments + (ec — 1 — m) in the terms 
of characteristic ee’a, it is only necessary to consider terms which depend on 
these two coefficients and terms which have small divisors equal to P,. 

The characteristic ee’a only oceurs in combination with one of the character- 
istics e, e', a. The small divisors in the combinations ee’a, e’ and ee’a, a are 
equal to P, and the terms with characteristics e’, a are equal to (1,10). We 
thus have, for these two combinations, 


(0, 8)(1, 10) +(1, 11) = (0, 8), m*(0, 8) + (1, 11)’ = (0, 8). 
The small divisors occurring in the combination ee’a, e arise from 7 = ¢ + P- 
Referring to (5)', we see that such terms are 
D (tiara!) D(8,6) + D(u,$) 
which give at the worst 
(ec —1—m)(0, 8)(0, 10) = (2, 10), a, 9)(1, 9) = (2, 10), 


and these, divided by (2, 11) give (0, 8). 

It is therefore only a question of examining terms for which t= P, or 
t=c + P,, leaving aside the parts containing the characteristic ee’a. In all 
cases these terms can be obtained to m’. Hence the contributions of terms of 


orders 0, 4 will be at the worst 


(2, 10)(0, 7) + (1,11) =(1, 8), (2, 10)(0, 8) +(2, 11) =(0, 8), 


so that these combinations need not be further considered. 


| 

| 

| 
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28. For the terms in which t= P,, the equation (11) is used. We have just 
seen that the terms with characteristics ee’a will not occur, and therefore the 
only portion which can produce results not correct to m* will be the second 
term of the right-hand member. But this being of the third degree in wu — u,, 
$8 — s,, z can only contain terms of the first and second orders; with the excep- 
tion of terms of characteristic e’a, these are all known tom”. But these ex- 
cepted terms can only occur with terms from fwo of the three characteristics 
e, e’, a, so that at the worst they occur in the combination 


(9, 9)(0, 10)(1, 10) + (2, 11) = (—- 1, 8). 
The terms in m~' disappear and all the results are known to m*. 


29. The only terms in which tT = ¢ , occur in the characteristics 
29. TI ly t hicl F, the characterist 
ea, ea’, k’a, e’e'a. 


The combinations of orders 1, 3, excluding e, ee’a, are all at least equal to 
(1, 10) (0, 9) = (1, 10) so that on division by (2, 11) they give the results cor- 
rect to m®. The only combinations of orders 2, 2 which do not give results 
correct to m* are e’a, k* and e’a, e’, for all the others are at least equal to 


(0, 10)(0, 10) = (0, 10). 


For the combinations e’a, k’ and k, ke’a, with arguments + (2g —1—m), 
put b= e’a in Art. 18. Then 


B, B’ =(0, 9), Q, = (0, 10), 


for @, can only contain terms of the first two orders from amongst which those 
of characteristic e’a are excluded. All the other conditions are fulfilled and 
therefore the results are correct to m*. 

For the same combination with arguments .1 + m, we see from the result at 
the end of Art. 18 that it is only necessary to consider 

for the combinations of arguments — g, g + 1+ mand g, —g+1-+™ since 
these are the only ones which will not be equal to (1,10). Using for the 
moment, the notations of Art. 26, these terms give 


‘g(g+1+m)+(1+ m)’} 4+ 
which is equal to 


(Bu + m')k, + (1, 11)(0, 9)(0, 10) = (1, 10)(0, 10) + (1, 10) = (1, 10), 


{ 

\) 

| 

| 
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since (Art. 26) 34 + w’ =(1, 10). On division by (2, 11) the result will be 
correct to m’. 

For the combination e*, e’a and arguments + (2c — 1 — m), the only terms 
in (5)' which will not be true to m" will be formed from 


Substituting in (5)’ and neglecting a factor (0, 11), we find that the portion of 
the coefficient of [*-'-™ which arises from these terms is 

(€), (na) + (n'a), = (2), — 3 (€7),} + (7), (8 (0), + 
It is easy to show* that (e), —3(e’°), = (1, 10), and therefore using the re- 
sult at the end of Art. 22, the expression is equal to 


(1, 10)(0, 9) + (0, 10)(2, 10) = (1, 10). 


On division by (2, 11) the result is true to m’. 


30. For terms of orders higher than the fourth a similar treatment can be 


10 


made. If we had obtained a// the second order terms correctly to m'° there 


would have been no difficulty in obtaining all the third order terms in w to m’ 
and those in z to m' and then no special investigations would have been re- 
quired to obtain the fourth order terms in ~ to m* and in z to m’. In fact, the 
transformations of Section III enable us, in the worst cases of small divisors 
(r= P,, +t =c+ P,), to throw the loss of two powers of m on the order 
next but one below that under consideration. Suppose that we know the terms 
of order X (A > 3) in wu correctly to m’~ and it be required to show that the 


Tn the ease of these 


terms of order X + 1 may be obtained correctly to m@ 
divisors the loss of two powers of m is thrown on to the terms of order A — 1 
and lower; these being known to m‘~**', the results will be true to m’~*~'. 
As the third and fourth order terms follow this rule, terms of all the following 
orders will do so. A 

The terms of order X + 1 in z can be obtained to the same degree of accuracy 
as the terms of order X in wu, that is to the order m’~*. 

The terms of the fourth order being all known to m* and as we require those 
of the fifth order only to m‘ and not to m*, the great majority of the difficul- 
ties arising from the terms of the second order in e’a will not occur after the 
fourth order. 

No general transformation has been given for terms in which + t= ¢ + P,. 


These terms must contain some power of e, e’, a in their characteristics; the 


* The expression is zero in the purely elliptic formule (m — 0) and each coefficient is known 


to 
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only cases where difficulties will occur will be when they contain e. Such dif- 
ficulties can, however, be solved by the method used in Art. 25 for the terms of 


arguments + (2 —e + 2m). 


31. The following table shows the results of this section in a form which is 
convenient for reference. In the case of the coefficients in zV — 1, for e + | 


reaadg +P. 


Ord. | t=P, +r=e+P, 
| 2, none none 
for Ko (0, Noy No (1, 10) = (1, 10) 
1 = (2, 11) + =(2, 10) 
| other coeff. = (2, 10) 
— 
(e”*),, )o (0, 10) (7a)%, (7’a)-4 = (0, 9) 
| (k/*)5, = (0, 10) (na)—1z, (n’a)g = (1, 9) 
2 | — 3 (27? (0, 10) all coeff. = (1, 10) 3 (7a)%+ (7’a)_y (2, 10) 
(K?)o, (7?)—1, (47) (2, 11) + (37’a)1z = (2, 10) 
other coeff. — (1, 10) other coeff. = (1, 10) 
all coeff. (0,9) (e7’a)_14, (e/na)u = (0, &) all coeff. = (0, 9) 
3 |3(kna)3g-+4+-(ky’a)—1, = (1, 10) other coeff. = (0, 9) 
= (1, 10) 
4 —_ all coeff. (0, 8) all coeff. = (0, 8) all coeff. — (0, 8) 
c—1—m= (2, 11), g—1—m= (2, 11). 


32. The results of this section once proved, the practical difficulty of carrying 
them out is not great. Suppose that it is a question of inequalities such that 
+r=e+P. Then 3 +42’ can be and would be determined without loss of 
accuracy and without any increase in the number of calculations, although there 
may be a loss in A, A’. In the after work we simply treat the result for % — 2’ 
as though it were accurate (if a numerical development is being made, an arbi- 
trary figure is added to the last place of decimals found); it may be the fune- 
tion 3A +2’ which afterwards really arises. If it be so, the future results 
will be correct to the orders stated above. 

When this method cannot be followed, it is usually best to find the coefficients 
as accurately as possible by the ordinary methods and then treat the special 
coefficients in which there has been a loss of accuracy by the special methods. 
The ease of €_,, €, (Art. 21) is an example of this. 


HAVERFORD COLLEGE, PA. 
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ON THE HOLOMORPHISMS OF A GROUP* ¢ 
BY 


JOHN WESLEY YOUNG 
Introduction. 


If every operator of an abelian group is put into correspondence with its ath 
power, an isomorphism of the group with itself or with one of its subgroups is 
obtained for any integral value of a.¢ If a is prime to the order of every 
operator in the group, the resulting isomorphism is simple; otherwise it is mul- 
tiple. To avoid an unnecessarily cumbrous phrase, let us denote by a-isomorph- 


ism any isomorphism obtained by putting each operator of a group into corre- ; 
spondence with its ath power; and let us say a-holomorphism whenever the 
resulting isomorphism is simple. 
It has been shown that the a-holomorphisms of an abelian group G consti- 
tute the totality of invariant operators in the group of isomorphisms of G’, and \ 
that their number is equal to the number of integers less than and prime to the 
highest order occurring among the operators of G.t 
Every group admits an a-holomorphism, when a = 1 (mod m), where m de- } 
notes the lowest common multiple of the orders occurring among the operators 
of the group. The questions naturally arise: (1) Under what conditions do non- 
abelian groups admit a-holomorphisms other than the identical? (2) What are 4 
the properties of the corresponding operators in the group of isomorphisms ? 
The present paper concerns itself with these questions. The writer is indebted 
to Professor G. A. MILLER for suggestions and criticisms during the prepara- 


) 
tion of this paper. 
Conditions for the existence of a-holomorphisms. §§1-T. 
) 
1. Let s, ¢ be any operators of a group G and suppose that G admits an 
a-holomorphism.§ This requires that the relation | 
* Presented to the Society December 28, 1901. Received for publication January 13, 1902. 
¢ MILLER, Transactions of the American Mathematical Society, vol. 1 (1900), 
p- 396. 
t MILLER, Comptes Rendus, vol. 132 (1901), p. 912. 
§ When we speak of a group as ‘‘almitting an ¢c-holomorphism”’ we shall always mean, 
unless otherwise specified, a holomorphism other than the identical. 
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be satisfied for every pair of operators s, ¢ of G', and that a be prime to the 
order of every operator of G. 
Multiplying both members by s¢ we obtain 


8* st = (st)*** = 8(ts)*t = st* s*t, 
and, therefore, 
Since a is prime to the order of every operator, ¢* represents any operator. 
The last equality may then be written 


(A) 


which must be satisfied for every pair s, ¢. 

Hence, if a group admits an a-holomorphism, the (a —1)th power of every 
operator is invariant. 

2. From the relation 

8* = (s¢)* = s(ts)*"t, 
we obtain at once 

By §1, interchanging s and ¢, we have 


Hence, if a group admits an a-holomorphism, it admits also an (a — 1)-iso- 


morphism. 

3. Multiplying (B) by st and making use of (A), we obtain 

8* = (st)*. 

Hence, the conditions (A) and (B), which are necessary for the existence of an 
a-holomorphism, are also sufficient, provided a is prime to the order of every 
operator. 

4. If we write 6 for a —1, (A) and (B) respectively become 

t=ts', ¢° =x (st)’. 
If these are satisfied, so also are 


where « is any integer. Multiplying the last relation by st, we have, since s* 


is invariant, . 
6+1 6+1 > +1 


| 
| 
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which insures a («d + 1)-holomorphism, provided «é + 1 is prime to the order 
of every operator of G. Collecting results, we have the following theorem : 
If there is a number & such that the relations s°t = ts° and s°t® = (st)’ are 
satisfied for every pair of operators s,t of a group G, and if 5 + 1 is prime 
to the order of every operator of G, then, and only then, does G admit an 
a-holomorphism ; and a may have any value of the form «6+ 1 which is 


prime to the order of every operator of G'. 
5. The relation s°¢° = (s¢)* leads at once (by the reasoning of $1) to 


If 5—1 is prime to the order of every nov-invariant operator of G', the last 
relation states that ¢° is invariant; i. e., with this restriction on 4, the first con- 
dition in the theorem of $4 is contained in the second. Hence, 

If & —1 is prime to the order of every non-invariant operator of G', and 
if 8+1 is prime to the order of every operator, then, if G admits a 8-iso- 
morphism, it admits a («6 + 1)-holomorphism for every value of «6 + 1 which 
is prime to the order of every operator. 

It may be noted that all numbers «6 + 1 are prime to the order of every 
operator, provided G contains no invariant operators whose orders are prime 
to 6. For 6 must in this case contain as a factor every prime which divides 


the order of any operator of G. 


6. If G is of order p”(p a prime), 6 may be assumed to be of the form p*. 
For the assumption 6 = /p® (& prime to p), leads at once to the possibility 
§=k'kp*; and k’ may be so chosen that k's = 1 (mod p"), where p* is the 
highest order occurring among the operators of G. In this case the theorem 
of §4 becomes: 

Tf a group G@ of order p™ (p a prime) admits a p®-isomorphism, then, and 
only then, does it admit an a-holomorphism, and a may have any value of the 


form kp® +1; moreover, if G is non-abelian, a must be of this form. 
é 


7. It follows immediately that if a group G of order p™ admits an a-holo- 
morphism, the operators of G whose orders are not greater than p*®* 
(A= 0,1, 2, ---) form an invariant subgroup G,, and G;G, is abelian. 

In particular, if a group G of order p”™ admits an a-holomorphism, the 
operators of G of order less than the highest form an invariant subgroup H, 
and G/H is abelian of type (1,1,1, ---). 

Furthermore, it follows from the last part of the theorem of §6 that a non- 
abelian group of order p”, which contains no operators of order higher than 


p, does not admit an a-holomorphism. 


q 
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Properties of a-holomorphisms considered as operators in the group 


of isomorphisms. §§ 8-12. 


8. In what follows we regard a holomorphism as defining an operator in the 
group of isomorphisms and shall frequently use the word “ holomorphism” in 
the sense of “ operator defined by the holomorphism.” 

If two holomorphisms transform each operator of a group into its a,th and 
a,th power respectively, their product transforms each operator into its a,a,th 
power. Hence, the totality of a-holomorphisms of a group G forms a subgroup 
in the group of isomorphisms of G’. 

Moreover, the a-holomorphisms of a group G are invariant in the group of 
isomorphisms of G. 

For if 7 is any holomorphism of G, such that* Z7’—'s7’= s’, where s is any 
operator of G, and 7, is an a-holomorphism s 7, = s*), then 7,7 and 
TT. both transform s into s’*.+ 


9. Before proceeding to the proof of another theorem concerning the invariant 
operators in the group of isomorphisms, the following may be noted : 

If G contains a subgroup H consisting solely of invariant operators such 
that G can be made isomorphic with H without making any operator corre- 
spond to its inverse, then a holomorphism of G results from making G 
isomorphic with H in the manner specified and making every operator of G 
correspond to itself multiplied by the corresponding operator of H. 

This follows from the fact that, if s, ¢ be any two operators of G’, and s,, ¢, 
the corresponding operators of 7, then s¢ and s,¢, correspond. To obtain a 
holomorphism, we make s, ¢, s¢ correspond respectively to ss,, ft,, sts,¢,; and 
since s,,¢, are invariant, we have ss, tt, = sts,t,. This establishes the holo- 
morphism, since under the assumed conditions the correspondence is simple. 


10. If a holomorphism of a group G can be obtained by making G iso- 
morphic with a subgroup H, all of whose operators are invariant, and multi- 
plying corresponding operators, then any invariant operator in the group of 
isomorphisms of G must, in general, establish an a-holomorphism among the 
operators of H. 

This theorem applies to any group admitting an a-holomorphism. For (§§ 1, 
2, 9) a holomorphism of the group results by making it isomorphic with the 
subgroup obtained by raising each operator to the (a — 1)th power and multi- 
plying corresponding operators. 


* As to the propriety of this transformation notation, cf. e. g., BURNSIDE, Theory of Groups, 
p. 227. 

+ This theorem was proved for abelian groups by MILLER, loc. cit., foctnote 3, p. —. 

t Every holomorphism of an abelian group can be obtained in this way : MILLER, Bulletin, 
May, 1900, p. 337. 
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To prove the theorem, let 7’ be any invariant operator in the group of iso- 
morphisms J of G; and let 7’-'s 7’= s’ , where s is any operator of G. By hypo- 
thesis J contains an operator 7,, such that 7>'s7, = ss,, and T= 
where s,, s, are operators of H. Then, from the fact that 7’7, and 7,7 must 
transform s into the same operator, it follows that 


= 


If s; is not a power of s,, then, by establishing a new isomorphism of G' with 
H, another holomorphism of G, say 7,, may, in general, be obtained, such that 


sT, = 88,, T, = 8's, + 


But then we should have 7's, 7’= s', which contradicts the former result. 
Hence, s; is a power of s,; therefore 7’ transforms every subgroup of 1 into 
itself. But H is abelian, and all the operators in the group of isomorphisms of 
any abelian group A, which transform every subgroup of A into itself, trans- 
form every operator into the same power.* This proves the theorem. 


11. It has been shown ($6) that if a non-abelian group of order p" (pa 
prime) admits an a-holomorphism, then a = 1(mod p*)(8> 0). Returning to 
the notation adopted in the previous articles, let p*® be the smallest value of 6 
available for a non-abelian group G of order p”; then all the a-holomorphisms 
are obtained by giving to a the values 1 + «p* (« = 1, 2,---, p*-*), where p* is 
the highest order occurring among the operators of G. Hence, a non-abelian 
group of order p" admits just p*~* a-holomorphisms, including identity. 


12. We turn now to the consideration of the orders of these p*~* operators. 
Let 7’ be one of them; and let s be an operator of G of highest order p*. 
Then 

T-'8sT = 
By repetition 


The order of 7’ is the smallest value of n, for which 
(1 + «p*)"=1 (mod p*). 
By expanding, if « is prime to p, the order v of 7’ is found to be 
v= p*-*, if p is odd, or if p=2, 8>1; 


y= 2, ifp=2,8=1andy>3 2); 


* MILLER, Transactions, vol. 2 (1901), p. 260. 
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also in the latter case, there are no operators of order higher than 2“~-*, since 
n = 2"-* will always satisfy (1 + 2«)" = 1(mod 2“). In connection with the 
result of § 11 we have, therefore, the following: 

The a-holomorphisms of a non-abelian group G of order p™ form a sub- 
group H of order p*-* in the group of isomorphisms I of G ; all the opera- 
tors of H are invariant in I; and H is cyclic, except when p=2, 8 =1; in 
the latter case, if »>3, H is abelian of type (u — 2,1). 


CORNELL UNIVERSITY, June, 1901. 


Trans. Am. Math. Soc. 13 
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A SIMPLE NON-DESARGUESIAN PLANE GEOMETRY * 


BY 
FOREST RAY MOULTON 
1. Introduction. 


On the occasion of the Gauss- WEBER celebration in 1899 H1LBErtT published 
an important memoir, Grundlagen der Geometrie, in which he devoted chapter 
V to the consideration of DresarGues’s theorem. He summarized the results 
obtained in this chapter as follows :+ 

The necessary and sufficient condition that a plane geometry fulfilling the 
plane axioms | 1-2, II, III may be a part of (or set in) a spatial geometry 
of more than two dimensions fulfilling the axioms I, II, III, is that in the plane 
geometry Desargues’s theorem shall be fulfilled. 

The proofs of the necessity and of the sufficiency of the condition are given 
by HiBert in §22 and §§ 24-29 respectively. In §23 he proves that 
DESARGUES’s theorem is not a consequence of the axioms I 1-2, II, III,t and 
states (theorem 33) that it cannot be proved even though the axioms IV 1-5 
and V be added. His method is to exhibit a non-desarguesian geometry ful- 
filling the axioms in question. His example is of a somewhat complicated nature, 
involving in its description the intersections of an ellipse and a system of circles 
(euclidean) which are defined so that no circle intersects the ellipse in more than 
two real points. The demonstration that the geometry fulfills the axioms in 
question, the details of which are not given by HiLBert, depends upon the real 
solutions of simultaneous quadratic equations. Moreover, HILBERT’s example 
does not fulfill all of the axioms enumerated, the.exception being IV 4{| which, 
in connection with the definition which precedes it, requires that the angles 
(h, &) and (&, h) shall be congruent, while the angles in HILBERT’s geometry 
whose vertices are on the ellipse depend upon the order in which their arms are 
taken for their non-desarguesian congruence relations. H1ILBERT’s final theorem, 
stated at the beginning of this paper, does not involve 1V 4 and was completely 


* Presented to the Society (Chicago) January 2, 1902. Received for publication February 6, 
1902. 
t Grundlagen der Geometrie, Theorem 35, p. 70. 
t This theorem was stated by H. WIENER: Jahresbericht der Deutschen Mathe- 
matiker-Vereinigung, vol. 1 (1890), p. 47. 
l.c., p. 11. 
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established ; his theorem 33 (1. ¢., p. 51) which adds the axioms IV 1-5, V is 
also true, as will be shown later, but was not fully proved by his example. 

The object of this paper is to prove that DEsARGUES’s theorem is not a con- 
sequence of Hi_Bert’s axioms I 1-2, II, III, IV 1-5, V by exhibiting a sim- 
pler non-desarguesian plane geometry than that given by HILBERT, and one 
which, by the use of linear equations alone, can be shown to fulfill all of the 
axioms in question. 

In conelusion it will be shown that Pascav’s theorem is not true in this geom- 
etry. Hence Pascal’s theorem is not a consequence of the axioms I 1-2, II, 
III, 1V 1-5, V. H1veerr has proved that it is a consequence of the axioms 
I 1-2, II, III, IV (1. ¢., §14),* and also that it is a consequence of I, II, III, 
V, but that it is not a consequence of I, II, III (1. ¢., chapter VI). 


2. Description of the non-desarguesian geometry. 


The non-desarguesian geometry will be described in terms of ordinary euclidean 
plane geometry, which is assumed logically to exist. 


Y 


Pp P P, 


* Scour (Mathematische Annalen, vol. 51, 1899, p. 401) had previously proved the 
fundamental theorem of projective geometry (and so PASCAL’s theorem) without the use of a 
continuity axiom, but with the use of three dimensions. Cf. Scour, Ueber die Grundlagen der 
Geometrie (1. ¢., vol. 55, 1901, p. 263). 
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An ordinary euclidean plane in which there is a system of rectangular axes is 
the non-desarguesian plane; the euclidean points of this plane are the non-des- 
arguesian points; the euclidean straight lines, except those which have a positive 
slope, are non-desarguesian straight lines; the euclidean (broken) straight lines 
with positive slope broken at the x-axis so that the slope above is a positive 
constant (not unity) times the slope below are the remaining non-desarguesian 
straight lines. That is, the non-desarguesian straight lines are the euclidean 
straight lines parallel to the x- and y-axes and the euclidean (straight or broken) 
lines defined by the equation 


y = 6, tan 


Here x and y are the rectangular codrdinates of a point referred to the given axes, 
a is the distance from the origin to the point where the line crosses the x-axis, 
@ (0 =0@ < m) is the angle between the positive end of the x-axis and the pro- 
longation of the lower half of the line, and 6, , is a constant such that 6, , = 1 
if y <0, = any value, or if y> 0, and 6, ,=c (c > 0 and +1) if 
y>0,0<7/2.* Thus, in the figure, the lines A, AM, B,B,P,C,C,P, 


Oy and Ox are non-desarguesian straight lines. 


3. Properties of the non-desarguesian geometry. 


HILBert’s axioms I 1-2 relate to the unique determination of a line by any 
two of its points; it is easily seen that they are fulfilled in this geometry. 

The axioms II 1-4 relate to the ordering of three and four points upon a 
line; the order relations are taken as in euclidean geometry and these axioms 
are fulfilled. The axiom II 5 states that a straight line cutting one side of a 
triangle and not passing through one of its vertices cuts another side of the 
triangle; it is shown without difficulty that this axiom is fulfilled. 

The axiom III is the euclidean parallel axiom which is also fulfilled in this 
geometry. 

The axioms IV 1-3 relate to the congruencé of segments of straight lines. 
If the segments are measured along the lines in this geometry as they are in 
euclidean geometry these axioms are fulfilled. The axioms IV 4-5 relate to the 
congruence of angles, and, with appropriate determination of the circumstances 
under which two angles are called congruent, these axioms are fulfilled. It will 
be the simplest here to define the magnitudes of angles in terms of euclidean 
angular magnitudes, and then those angles as congruent which have equal mag- 
nitudes. In this geometry the non-desarguesian magnitudes of all angles are 
equal to their euclidean magnitudes except those which have their vertices on 


* To fix the ideas ec may be taken equal to one-half, and it is for this value of the constant 


that. the figure is drawn. 


| 
| 
| 
a 
| 
} 


1902] NON-DESARGUESIAN PLANE GEOMETRY 195 


the x-axis with at least one arm above it and making an angle (euclidean) of 
less than 7/2 with it. The point A’ being on the x-axis, we consider the angle 
LKM of divergence from the positively directed x-axis of a line A.W of the 
upper half-plane. The non-desarguesian magnitude of this angle is the euclidean 
magnitude of the angle which in the non-desarguesian sense is vertically opposite 
to it. Thus, in the figure the non-desarguesian magnitude of the angle LAM 
equals the euclidean magnitude of the angle OA, or LAP. The non- 
desarguesian magnitude of an angle between two lines intersecting on the x-axis 
is the algebraic difference of the non-desarguesian angles which they make with 
the a axis. With these definitions the axioms IV 4-5 are fulfilled. 

The axiom IV 6 relates to the congruence of triangles and is fulfilled neither 
in HILBert’s geometry nor in this. 

The axiom V (archimedean) is fulfilled both in HILBERT’s geometry and in this. 

It remains to show that DESARGUES’s theorem is not true in this geometry. 
Consider the special case of two triangles having their corresponding sides re- 
spectively parallel. It will be shown that the lines joining their corresponding 
vertices are not necessarily concurrent. In the figure let the triangles be 
A, B,C, and A, B,C,. In euclidean geometry the lines joining the correspond- 
ing vertices meet at the point P. In this geometry the lines B, B, and C\C, 
remain the same while the line A, A, is broken before reaching P. Hence 
it will no longer pass through ?, and Desarcues’s theorem is not fulfilled. 
Therefore Desargues’s theorem is not a consequence of Hilbert’s axioms I 1-2, 
II, [V 1-5, V. 

To prove that PascaL’s theorem is not true in this geometry consider the two 
lines p and q on opposite sides of the x-axis and choose the points P,, P,, P,; 
and @,, Q,, Q, as indicated in the figure. In euclidean geometry the cross- 
joins of these points taken in pairs meet in the collinear points 2,, R,, R,. 
In this special geometry all the cross-joins are the same as in euclidean geome- 
try, with the exception of Q, P, which is a broken euclidean line intersecting 
the line P,Q, in the point /2}. Since the euclidean line passing through £, 
and J?, has a negative slope it is also the non-desarguesian line passing through 
these two points. As 22) is not on this line PascaL’s theorem is not true in 
this geometry. Therefore Pascal’s theorem is not a consequence of Hilbert’s 


axioms I 1-2, II, III, IV 1-5, V. 
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ON THE REAL SOLUTIONS OF SYSTEMS OF TWO HOMOGENEOUS 
LINEAR DIFFERENTIAL EQUATIONS OF THE FIRST ORDER* 


BY 
MAXIME BOCHER 


The close relation which exists between the system of two homogeneous linear 
differential equations of the first order : 


y = Py— 
(1) 

Ry Sz, 
and a single homogeneous linear differential equation of the second order : 
(2) y+ py +qy=9, 


is well known. Thus, if we let z = y’, we get as a system of equations equivalent 
to (2): 


(3) 


— gy — pe, 


and this is merely a special case of (1). On the other hand, if we eliminate z 
from (1), we obtain the equation : 


” 9 , 


which comes under the form (2). 

The system (1) and the single equation (2) ave not, however, for this reason 
in all cases equivalent to each other. It is true that any theorem concerning 
(1) when applied to (3) yields a theorem concerning (2). Conversely, however, 
we cannot always obtain from a theorem concerning (2), by applying it to (4), a 
theorem concerning (1); since in the first place (4) has no meaning unless P 
and @Q have first derivatives; and in the second place, unless we are willing to 
consider the case in which the coefficients p and q of (2) are discontinuous, we 
must impose on P and @ the further conditions that P’ and Q’ be continuous 
and that Q do not vanish—restrictions which, if we treat (1) directly, aré quite 
unnecessary. 


* Presented to the Society December 28, 1901. Received for publication February 7, 1902. 
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It appears therefore that the system (1) is more general than equation (2). 

It is the object of the present paper to establish a series of propositions con- 
cerning the system (1) analogous to the theorems concerning (2) which were first 
given by Sturm in the first volume of Liouville’s Journal (18386). Srurm’s 
original theorems, in some cases considerably generalized, follow as mere corol- 
laries from the theorems we shall obtain, as will be indicated briefly in §T. 
Moreover the method here used has the advantage not only of generality but 
also of simplicity—an advantage which is particularly apparent when we take 
the standpoint of modern rigor. 


$1. Recapitulation of certain known theorems. Terminology and notation. 


We shall be concerned exclusively with the case in which the independent, 
variable x is real and is confined to the interval : 


(I) a=cx=b. 


Throughout (J) the coefficients P, QY, #, S of (1) are assumed to be real 
and continuous, but not necessarily analytic, functions of x. 

The fundamental existence theorem for (1) is the following : * 

If x, is any point of (I) there exists one and only one pair of functions 
(y, z) continuous, having continuous first derivatives, and satisfying (1) at 
every point of (I), and having at x, the arbitrarily given values (y,, %)- 

A special case of this theorem which we shall have frequent occasion to use 
is the following: 

If (y, 2) is a solution of (1), and if y and z both vanish at a single point 
of (1), they both vanish identically throughout (I). 

From this follows : 

Tf y = 0 then either Q=90 orz=0. 

For if z vanishes at any point of (J) it must, by the last theorem, vanish 
identically, and if z vanishes nowhere in (J) it follows from the first equation 
(1) that Q=0. Similarly: 

If z= 0 then either R=0ory=0. 

The two theorems gust stated illustrate a duality which exists owing to the 
symmetry of equations (1). Whenever a theorem concerning y has been ob- 
tained it is possible, by making slight and obvious changes, to obtain a theorem 
concerning z. We shall in future confine ourselves to the theorems concern- 
ing y. 


‘ 


*PEANO, Mathematische Annalen, vol. 32 (1888), p. 450. 
+ This theorem can readily be deduced from formula (5) below by a method similar to that 
used by STURM, l. c., pp. 109-110. 


| 
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Let (y,, ,) and (y,, z,) be two solutions of (1) and write : 
D = — 


It is readily found that this determinant satisfies the differential equation : 


D' =(P—S)D. 
Accordingly : * 


(5) Date”. 


This formula shows that D either vanishes nowhere or vanishes identically. In 
the former case (y,, z,) and (y,, z,) are linearly independent, in the latter linearly 
dependent. 


We shall in the course of our work frequently have occasion to consider con- 
tinuous real functions (x) which do not change sign in (7) and do not vanish 
at all points of a connected portion of (1). This state of affairs will be indi- 
eated by saying that /’(2) has a characteristic sign in (I); this sign being 
plus if F’'(w)=0, minus if F(x) =0. Using this terminology we may state the 
following lemma which is fundamental for much of our work. 

Lemma I: Jf throughout (1) p and r are real and continuous functions 


of «, and if r has a characteristic sign, no solution of the differential equation: 
(6) y =pyt+r, 


vanishes more than once in (I), and if a solution vanishes at a point of (I) 
it increases or decreases with w at this point according as the characteristic 
sign of r is positive or negative. 

The proof of this lemma follows at once + by reference to the explicit formula 
for the solution of (6) by quadratures. In the same way we get also 

Lemma II: Jf throughout (I) p and r are real and continuous functions 
of x, and if: 


IA IV 


(=| 
ry 


then no solution of (6) can pass with increasing x from fis, values to zero, 


or from zero to values. 


positive 


§2. Concerning the roots of y and z. 


The fundamental theorem is the following in which, as well as in the sub- 
sequent theorems, (y, z) is supposed to be a solution of (1): 


* Formula (5) is the analogue of ABEL’s formula for equation (2). 
TCf. vol. 2 of these Transactions (1901), pp. 434-435. 
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I. If Q has a characteristic sign, then in a connected portion of (I) in 
which z does not vanish y cannot vanish more than once, and where it van- 
ishes it changes sign.* 

This theorem follows at once from Lemma I. 

An immediate consequence of the last theorem is this: 

II. Uf @ has a characteristic sign,t and if y does not vanish identically, 
then y cannot vanish at an infinite number of points in (1). 

For if y has an infinite number of roots in (J) these roots have at least one 
limiting point ¢ in (J ), and owing to the continuity of y we must have y(c)= 0. 
But since y does not vanish identically z(c) + 0. Accordingly, since z is con- 
tinuous, there is a certain neighborhood of ¢ throughout which it does not vanish, 
and therefore, by the theorem last proved, y can vanish in this neighborhood only 
at c itself. This, however, involves a contradiction since by hypothesis ¢ was a 
limiting point of roots of y. 

By interchanging y and z in Theorem I we get a theorem concerning the case 
in which /2 has a characteristic sign and by combining these two results we get 
the proposition : 

Ill. Jf Q and R both have characteristic signs the roots of y and z separate 
each other, unless y and z are both identically zero. 

This last theorem however finds application only when the characteristic 
signs of @ and /2 are alike, as the following proposition shows : 

IV. If Q and R have opposite characteristic signs, and if y and z do not 
both vanish identically, then neither y nor z vanishes more than once in (I) 
and if one vanishes the other does not. 

For let: 


w= 
This function satisfies the differential equation : 


(7) =(P— S) w + (Ry? 

Now if @ and 72 have opposite characteristic signs, and y and z do not vanish 
identically, the function ?y*? — Qz also has a characteristic sign, and we see, 
by applying Lemma I to the differential equation just written, that w cannot 
vanish more than once in (7). This proves our theorem. 

Consider now two linearly independent solutions (y, , z,) and (y,, z,) of (1). 
We shall then prove: 

V. If Q has a characteristic sign the roots of y, and y, separate each other. 


* This last clause does not of course apply to the ends a and b of (J). 
{ Or more generally : If (J ) can be divided into a finite number of pieces in each of which Q 


has a characteristic sign. 
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In the first place it is clear that no root of y, can coincide with a root of y, 
as otherwise the determinant D of (5) would vanish, and this is impossible 
since (y,, z,) and (y,, z,) are linearly independent. 

Next let us show that between two successive roots x, and x, of y, lies at least 
one root of y,. If this were not the case the function : 


= 


would be continuous throughout the interval x, = 2 =a, and would vanish at 
the extremities of this interval but not otherwise in this interval. Accordingly 
the derivative of f must change sign in this interval.* But: 


bob 


and therefore a change of sign of /’ is impossible. 

In the same way we see that between two successive roots of y, lies at least 
one root y,. Thus our theorem is proved. 

In conclusion consider the function : 


cla 


of which constant use will be made in the next section. By multiplying the 
first equation (1) by z the second by y and subtracting we see that : 


(8) o =R-—(P+ S)o+ Qo’. 


This is the Riccati’s equation satisfied by at all points where is defined, 
i. e., where y is not zero. 

As a simple application of (8) let us consider the case in which P + S = 0 
and (@ and /? have the same characteristic sign. Here we see from (8) that 
w' also has the characteristic sign of ( and /?, and, since in this case y cannot 


vanish an infinite number of times, we have the theorem: 


* We make use here of the following proposition which may be regarded as a supplement to 
ROLLE’s tlhieorem. 

If the fi ion f(x) is real and continuous and has a finite derivative throughout the interval 
and if =f (x, ) 0 while f(x) is not identically zero, then f’(x) changes sign in 
the interval x, <2 << 7,; &. e., there exist two points 5, and &, in this interval such that f’(5,) and 
have opposite signs. 

For let ¢ be so chosen that 7, << ¢ << x, and f(c) +0. Then by the law of the mean : 


= (e— 2) (e—2,)f"(52) (4 ay). 


Since ec — x, and ce — z, have opposite signs it follows from this equality that f’(£,) and f’(S, ) 
have opposite signs. 


| 
| 
4 
Ys 
o=f. 
| 
| 
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VI. Ff P+ S=0 and Q and R have the same characteristic sign, then, 
except at the points (necessarily finite in number) where it becomes infinite, 
Morea, everywhere as x increases if the characteristic sign of Q and R is Positive 


decreases negative * 


§3. Theorems of comparison. 


Consider now two pairs of equations : 


=Piy— y = Q.2; 
(1,) | 
=Ry—S82z, z =R,y— 8,z, 


whose coefficients, which we assume to be continuous throughout (J), satisfy 
throughout (J ) the relations: 


(9) P,+ S,=P,+ 8,, 2,= R,= 


and let (y,, z,) and (y,, z,) be solutions of (1,) and (1,) respectively. 
Let us first suppose that neither y, nor y, vanishes in (7) so that the fune- 
tions: 


are continuous throughout (7). 
By subtracting the Riccati’s equation satisfied by , from that satisfied by , 


it is seen that the function : 
7= — 


satisfies the differential equation : 
= — (P,+ &,— + Q,0;— 


or, after a slight change of form : 


(10) n = —([P,+ 8,-—3(9,4+ Q,) + @,)]7+A, 
where : 
(11) A=h,—h,+3(%—- Q,) (@; + 


Since A= 0 we obtain the following theorem by applying to (10) the second 
lemma of § 1: 
VII. Jf the conditions (9) are fulfilled then the following three conditions : 


(12) Neither y, nor y, vanishes in (I), 
z,(@) _ 2,(a) 

13 = 

y,(a) 


ae 


IA 


y,(b) y,(6)’ 


| 
4 
awa 
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cannot all be satisfied except in the special case in which which z,/y, = z,/y,, @ 
case which can occur only when : 


(15) R.a Rk 
and 


(16) R&R, = R,=0 and z,=2z, =, at all points where Q, + Q,.* 


This fundamental theorem admits, as will now be shown, an extension to the 
ease in which y, or y, or both vanish at one or both ends of the interval (Z) but 
at no other point of this interval. In this case w, and @, are continuous through- 
out (/) except that they may become positively or negatively infinite at the ends 
of this interval. 

In order that the inequalities (13) and (14) should not become meaningless in 
the cases now to be considered we make the following conventions : 


(a) We write ¢,(c) > ¢, (c) 
(1) when ¢,(c) = + o, and ¢,(c) = — om ora finite quantity ; 
(2) when ¢,(c) = a finite quantity, and ¢,(c) = — o. 

(b) We write ¢,(c) = ¢,(c) 


(1) when ¢,(c) = + and ¢,(c)= + 


(2) when ¢,(c) = — and ¢,(c)=—o. 


The theorem to be proved may now be stated as follows: 
VUI. Theorem VII still holds when (12) is replaced by: 


(12’) Neither y, nor y, vanishes in the interval a <x <b, 


provided inequalities (13) and (14) are interpreted, when necessary, according 
to the convention (17). 


* We state here, for the sake of reference, the form which this theorem takes when we inter- 
change y and z and also the subscripts 1 and 2. 
VII,. Jf the conditions (9) are fulfilled then the following three conditions : 


Neither z, nor z, vanishes in (I), 


— y, (a) 


Z,(a) — 2,(a)’ 


2,(b) — 2,(b)’ 


cannot all be satisfied except in the special case in which y,/z, = y2/Z,, a case which can occur only when: 


Q, = Q, and Q, = Q, = 0 and y, = y, = 0 at all points where R, + R,. 


| 
4 
(17) | 
| 
| 
| 
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The proof here is identical with that of the original theorem unless at least 
one of the conditions : 
(18) #,(a) = @,(a) = + 


(19) = o(b)= to, 


is fulfilled. These cases require further consideration. 

Suppose first that (18), which is merely a special case of (13), holds but (19) 
does not ; and let conditions (12’) and (14) also be fulfilled. Let c be any point 
between a and 4, and apply theorem VII to the intervale =2=b. We thus 
see that : 

(20) w,(c) = @,(e). 


Now take ¢ so near to a that neither z, nor z, vanishes in the interval 


a =x Sc, and to this interval apply theorem VII, (cf. footnote, p. 202). Since: 


(4) _ 
=> = 
%,(a@) (a) 
we see that we must have: 
z,(¢) ~ 2,(e)’ 


and, therefore, since by (18) the two sides of this inequality have the same sign : 
(21) w,(¢) = o,(c). 


By comparing (20) and (21) we see that ,(c) = ,(c): and this is possible, as 
we see by again considering the interval c = «= 0, only if at every point of 
this interval : 

(22) = @, and A=0. 

Moreover, since c may be taken as near to a as we please, it ‘is clear that (22) 
holds at every point of the interval a<x=b. 

In precisely the same way we see that if (19) holds but (18) does not the rela- 
tions (12’) and (13) can hold only when conditions (22) are fulfilled at every 
point of the interval a =a <b. 

Finally if (18) and (19) both hold, and if (12’) is fulfilled, let ¢ be any point 
between a and 4. Then by applying what has just been proved first to the in- 
terval a = x =, then to the interval ¢c = x = J, it follows that w,(c) = @,(c). 
But this is possible, as was just seen, only if (22) is fulfilled at all points of the 


interval a <a <b. 
Thus we see in all cases that, if (12’), (18) and (14) are fulfilled, (22) must 
hold at all points of the interval a<x2—<—6. From this the truth of theorem 


VIII follows at once. 


—— 
4 
i 
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By imposing on Q, and Q, the additional restriction that they both have 
characteristic signs, and that these signs be the same, two fundamental theorems 
of comparison can be deduced from theorem VIII. Let us assume for dis- 
tinctness that Q, and therefore also Q, has the negative characteristic sign. In 
this case we see, by applying Lemma I ($1) to the first equation (1,) that at a 
point where y, vanishes it increases with « if z, is positive, and decreases if z, is 
negative. Since in this case (ef. theorem II) y, has only a finite number of 
roots, it follows that , and @, are continuous throughout (J) except at a finite 
number of points, and as # increases through one of these points the function 
in question jumps from —o@ to +o. 

Let us now apply theorem VIII to the interval 2, =x =2, between two suc- 
cessive roots x, and x, of y,. When we confine our attention to this interval 
we have: 


o,(7,)=+o, = —o. 


Conditions (13), (14), and the first half of (12’) are therefore fulfilled, and we 
get the theorem : 

IX. Jf the conditions (9) are fulfilled and Q, has a negative characteristic 
sign, then between two successive roots of y, lies at least one root of y, unless 
between these roots z,/y, and z,/y, are identically equal, a case which can occur 
only when between these roots conditions (15) and (16) are fulfilled. 

This theorem is only a special case, though a particularly important one, of 
the following: 

X. First THEorem or Comparison: Jf conditions (9) are fulfilled and 
Q, has a negative characteristic sign, and: 


either y,(4) = 0, 
(23) z,(a) _ 2,(@) 
and if has n roots = b), then has at 


least n roots in the interval a <4 S~2x,, and except when z,/y, and z,/y, are 
identically equal throughout this interval (a case which can occur only when 
conditions (15) and (16) are fulfilled throughout this interval) the nth root of 
y, to the right of a is less than 1 


a 


That y, has at least » roots in the interval a <« = 2, follows from the fact 
that according to theorem IX it has at least one root in each of the intervals : 


together with the fact that it has at least one root in the interval a <x =7,, as 


is seen by applying theorem VIII to this interval. 


! 
< x, 3, -+-, 2), | 
+ 


A 
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Suppose now that z, /y, and z, /y, are not identically equal throughout the inter- 
vala<a2<z2,. Then theorem VIII shows that y, has at least one root in this 
interval, and theorem IX shows that it also has at least one root in each of the 
intervals : 


=2<2, (i=2, 3,--:, n). 


In this case therefore the nth root of y, is less than ~,. 

If on the other hand z, /y, = z,/y, throughout the interval a < # <#, but not 
throughout the interval a <a <«,, then there is at least one interval between 
two successive roots of y, in which this identity does not hold. Suppose that 
2,-, <«* <a, is such an interval. Then y, has at least one root in this interval 


and also in each of the intervals: 


8 
Il 
8 
/\ 
8 
I 
= 
+ 


Here again the nth root of y, is less than x, . 

That the identity z,/y, =,/y, can hold throughout the interval a <2 <2, 
only when conditions (15) and (16) are fulfilled throughout this interval is seen 
by considering formulz (10) and (11). 

We come now to the 

XI. Seconp THEOREM or Comparison: Jf conditions (9) and (23) are 


ulfilled and Q, has a neqative characteristic sign, and if y, and y, have the 
Jul g yy, Ys 


same number of roots in the interval a <x <b and neither of these functions 
vanishes at b, then: 


(24) 


except when z,/y, = 2,/y,, @ case which can occur only when conditions (15) 
and (16) are fulfilled at every point of (I). 

If neither y, nor y, vanish in the interval a < # < 6 the truth of this theorem 
follows at once from VIII. Otherwise let x,, .--, 2, be the roots of y, arranged 
in order of magnitude, and let z, be the nth root of y,. The first theorem of 
comparison tells us that & = a,. Accordingly neither y, nor y, vanishes in the 
interval », <a <b, and an application of theorem VIII to this last interval 
shows that (24) holds unless z, y, = z,/y, throughout the last mentioned interval. 
This case, however, can occur only when x, = ,; and this in turn is possible only 


when z,/y, = ,/y, throughout the interval a <# < 


| 
(i=2,3,---,k—1), 
b)_ 2, (0) 
y,(4)’ 
{ 
J 
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§ 4. Generalization by change of variable. 


Let us now introduce into equations (1) in place of y, z the new dependent 
variables : 


¢,y — $,2, 


Y= Viy—¥.2, 


where ¢,, ¢,, %,, ¥, are continuous real functions of x with continuous first 
derivatives. We further assume that the function ¢, ~, — $,~, does not vanish 
at any point of (/). 


(25) 


By differentiating equations (25) and then eliminating y, y’, z, z’ between 
the equations thus obtained and equations (25) and (1) ® and Y are found to 
satisfy equations of the form: 

= Pd — 
(26) 
= SV. 


If we introduce the notation : 
{a, 8, y, 8} =a’ B— — Qay + Pa + Syd — RAS, 
and for still greater brevity : 
{a, 8} = {a, 8, a, B}, 


the coefficients in (26) may be written : 


$,%,—$,4," 
[Vis We} {Vis $25 Vo} 


Since it has been assumed that ¢,, — ¢,, vanishes nowhere in (J), it fol- 
lows that the coefficients of (26) are continuous throughout (7). Moreover it is 
clear that ® and Y vanish identically when, and only when, y and z do so. By 
applying to (26) the third theorem stated in §1 we see that if © = 0 either 
or V=0,i.e. either {¢,,¢,} = 0 or y=z=O0. This is a result 


which concerns the function ® only, but its proof depended on the existence of 
two functions y, and y, such that ¢, 4%, —¢,, does not vanish. By letting 


we obtain two such functions provided ¢, and ¢, do not vanish simultaneously. 
Hence the theorem: 

XII. Tf $, and $, do not vanish together, and if D=0, then either 
=Vory=z= 


| 
| 
| 
| 
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By applying to equations (26) instead of to (1) the theorems of §§ 2, 8a 
series of theorems is obtained the more important of which we now proceed to 
state. 

Determining VY as above by equations (27) we deduce at once the following 
theorem from II: 

XIII. Jf y and z are not identically zero, and if $, and $, do not vanish 
at the same point, then if {b,,,} has a characteristic sign, B® does not 
vanish an infinite number of times in (I) and when it vanishes it changes sign. 

From III and IV follows the theorem : 

XIV. Jf y and z are not identically zero, if $,v, — $,%, does not vanish 
in (I), and if and {,, both have characteristic signs, then 

(a) if these signs are alike the roots of ® and V separate each other ; 

(b) if these signs are different neither ® nor V vanishes more than once in 
(1), and if one vanishes the other docs not. 


Let us now consider the functions : 
— $, 2,5 
where (y,, z,) and (y,, z,) are two solutions of (1). It is evident that a neces- 


sary and sufficient condition that (@,, V,) and (®,, V,) be linearly independent 
is that (y,.2,) and (y,, z,) be linearly independent. If then W is determined 


+ 
| 

+ 


by means of (27) we obtain from theorem V the result: 

XV. If (y,, 2,) and (y,. 2,) ave two linearly independent solutions of (1), 
if o, and ¢$, do not both vanish at any point of (I), and if {¢,, 6,} has a 
characteristic sign, then ®, and ®, have no roots in common, and the roots of 
these two functions separate each other. 

If we now consider besides the two functions ® and V a third function : 


XY — 
where y,, x, are continuous real functions of » with continuous first derivatives, 


we may state the following theorem : 
XVI. Uf y and z are not identically zero ; if none of the three functions : 


(28) ViX2— Xi — > 
vanish in (I); and if the three functions: 


have the same characteristic sign, then the roots of the three functions ®,V,X 


- follow each other cyclically in the order named or in the reverse order accord- 


ing as the product of the six functions (28) and (29) has a negative or posi- 


tive characteristic sign. 


Trans. Am. Math. Soc. 14. 


| 
| 
| 

| 


208 M. BOCHER: REAL SOLUTIONS OF SYSTEMS OF [April 


As the proof of this theorem follows precisely the lines of the proof of a similar 
theorem which I have given in an earlier paper,* I omit it here. 

The results of §3 might also be generalized by means of the transformation 
(25), but for the sake of brevity we omit the statement of the theorems which 
might be obtained at once in this way. 


$5. Small variations in differential equations and initial conditions. 


We consider in this section the two systems (1,) and (1,) and we begin by 
proving that if their coefficients, which we assume to be continuous functions of 
a, and also the initial conditions imposed on their solutions, differ only slightly 
then the solutions themselves differ only slightly ; that is, in more precise language : 

XVII. Two positive constants M and ¢ being given, a positive 8 exists such 
that if: 

| P | < M, | M, i 
(30) 
P <6, — Q, | <6, | — R,| <6, S;| <5, 

and if c is any point of (I) and (y,, z,)and (y,, z,) are two solutions of (1,) 
and (1,) respectively which satisfy the conditions: 

ly(e)| <M, |2z,(e)| <M 8, 9), 

—n()| <8 <8, 

then throughout (1): 

To prove this theorem we use the method of successive approximations which 

tells us + that : 

Y; = + + eee 
(31) (¢=2 3,2), 


where : 


i 


(i=1,2;j=1,2,---). 
From these formule it follows that the nth term of each of the series (31) 
is numerically less than or equal to the nth term of the series 


j=@ (2M1)/ 


> M 


*Cf. these Transactions, vol. 2 (1901), pp. 432-433. 
t Cf. PEANo, Mathematische Annalen, vol. 32 (1888), p. 450. 
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where / is the length b — a of the interval (7). Let us now take n so that the 
remainder of this last written series after the nth term is less thane 3. The 
same will be true of the absolute values of the remainders after the nth term of 
the four series (31). Accordingly we have: 

=n—1 9 


| - | 
j=0 


j=n-1 %e 

j7=0 

The theorem will therefore be proved if 6, which is as yet wholly unrestricted, 
can be so chosen that : 


Let us assume that, » being given at pleasure, there exists a 6 such that: 


(33) ju — <0, lv‘ ({=0, 1, ---, 


When m = 0 such a 6 exists; in fact in this case we need merely take 5 < ». 
We shall therefore have established formule (33) for all values of m <n, and 
therefore also formule (32), by the method of mathematical induction, if we 
can show that by still further decreasing 6 (if necessary) formule (33) can be 
made to hold when j = m+ 1. For this purpose let 6 be taken so that for- 
mulz (33) hold when 7» is replaced by 7/4J//, and also so that : 


n-m! 


Now we have: 


(Q, Q,) ] dx, 
— = — + — By) — — 


(S,- S, )] dx. 
Since: 


2M1)" 2M1)" 
m. m! 


it follows from the above equations that : 


(1) - >| = 

c 


Thus the theorem is proved. 


n 
(2) (1) | 1 => 


| 
| 
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We come next to the theorem : 
XVIII. Uf ¢ is a point of (1) and (y,, z,) is a solution of (1,), and ina 


portion a, b, of (I) has just n roots 


and if Q, doesnot change sign in (I), then for every positive € a positive & ex- 
ists, such that if P,, Q,, I2,, S, are continuous functions of w, satisfying the 
inequalities : 
P,— P, <6, <6, R,— <8, |S, — S,| <6, 
and if Q, has a characteristic sign,* and (y,,2z,) is a solution of (1,) which 
satisfies the conditions : 
— y, (©) < 8, z,(c) — 2, (¢)| é, 
then y, has in the interval a, = x = b, exactly n roots €,: 
a, <§, <&, < <6,, 
and these roots satisfy the inequalities : 
— (i =], 3, +++, 
In order to prove this theorem let us take a positive quantity e, satisfying the 
following conditions : 


a (i=1, 2,---, n—1), 


and such that z, does not vanish in any of the intervals: 


(J,) (é=1, 2, 2). 


Another set of intervals (A) shall be defined by the formule : 


. 
(A;) (i=1, 2, ---, n—1), 


Thus in each interval (-7) lies one and only one root of y,; in each interval (A’) 
no such root. If it ean be shown that the same is true of the roots of y, when 
6 is properly chosen our theorem will be proved. Let us then note the smallest 
value of |z,| in the intervals (-/) and the smallest value of | y,| in the intervals 
(A), and, taking the smaller of these two quantities as the e of theorem XVII, 

*It is assumed here for the sake of simplicity that Q, has a characteristic sign throughout 
(7) and Q, does not change sign. It is, however, clearly sufficient if throughout the neighbor- 
hood of each point 2; the function 2, has a characteristic sign, and Q, does not change sign. 


; 

| 4 

| 


\ 
4 
a 


1902] LINEAR DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 211 


determine 6 by means of that theorem. Then y, does not vanish in any interval 
(XZ) nor z, in any interval (J). We see then by theorem I that y, cannot vanish 
more than once in any interval (J). In order to see that it does vanish once in 
each interval (7) we notice that in each interval (A’) y, and y, have the same 
sign ; and therefore, since y, changes sign each time it vanishes (cf. theorem I), 
y, has opposite signs in two successive intervals (A’) and therefore vanishes in 
the intervening interval (/). 

A modification of the theorem just proved which is often useful is the following: 

XIX. Jf (y,, z,) is a solution of (1,), and if in the interval (1) y, vanishes 
at a and at just n other points «,: 

a< 2, OD, <b, 
and if Q, does not change sign in (I), then for every positive € a positive 6 
exists such that if P,, Q,, R,, S, are continuous functions satisfying the 
inequalities : 
> - | - y Ae. 
|\P,— |@:— Q,|<6, | — | <5, |S, — <6, 
and if Q, has a characteristic sign,* and (y,, 2,) is a solution of (1,) which 
satisfies the conditions : 
<8, |z,(a)—2,(a)| <6, y,(a)-2,(a) = 9, 
then y, has in the interval a <a = b exactly n roots €:: 
<b, 

and these roots satisfy the conditions : 


| | - 
|u,—&|<e (¢é=1, 2, ---, #). 


To prove this theorem we notice first that z, does not vanish at a as otherwise 
y, and z, would vanish identically. Accordingly there exists a constant a, satis- 
fying the condition a < a, <#, and such that z, does not vanish at any point of 
the intervala=2=a,. If then 6 can be so chosen that y, has no root in the in- 
terval a <x =a, the truth of our theorem follows at once from theorem XVIII 
if we let b, = b. 

Let us then, in order to complete the proof, give to 6 a value such that z, has 
throughout the interval a=a2 =a, the same sign as z,. That such a choice of 
6 is possible follows at once from theorem XVII if in that theorem we take for 
€ a quantity less than the least value of |z,| in the interval a=a=a,. It is 
now at once obvious that if y,(a@)= 0 the function y, does not vanish again 
in the interval a=x2=a, as otherwise y, would vanish twice in an interval in 
which z, does not vanish, and this contradicts theorem I. It remains to show 
that, if y,(a) + 0, y, does not vanish in the intervala=x=a,. If y, vanishes in 


*Cf. the last footnote. 


9 
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this interval let x, be its smallest root. At this point, as an application of the 
first lemma of §1 to the first equation (1,) shows, y, passes from negative to 
positive or from positive to negative according as z,(,) is positive or negative. 
In either case z, and y, have opposite signs for values of x a little less than 2,, 
while at the point a z, and y,, and therefore also z, and y,, have the same sign. 
This, however, is impossible since neither y, nor z, vanishes between a and 2,. 
Thus our theorem is proved. 


$6. Differential equations involving parameters. 


The coefficients P, Y, 2, S of the equations (1) shall be assumed in the 
present section to depend not merely on x but also on one or more parameters, 
A,, A, ++, A,- These parameters we suppose confined to certain intervals finite 
or infinite. We assume that P, Y, 2, S are continuous functions of the k + 1 
independent variables (w; A,, A,, ---, »,) for all the values of these variables 
with which we are concerned. The solutions (y, z) of (1) will then themselves 
be functions of the parameters A, as well as of x. This will be indicated by 


the notation : 


The following result follows at once from the theorems of the last section : * 
XX. Jf (y, z) is a solution of (1) such that: 


are continuous functions of (A,,---, %,) for all values of these variables with 
which we are concerned, then: 


(a) y and z are continuous functions of (x; ,, --+, X,) for all the values 


1 
of these variables with which we are concerned ; 
(b) if y is not identically zero for any set of the Xs, and if for all the 
values of the parameters X, with which we are concerned Q has a characteristic 
sign, and if for all such values there exist at least n values of x in the interval 
a<a<b for which y is zero, and if these values.(or, if there are more than 
n of them, the n smallest ones) arranged in order of increasing magnitude 
are denoted by x, , a @,—then x, (i= 1, 2, ---, n) is a continuous func- 


99 


tion of the independent variables (r,, X,, «++, %,), provided that there exists a 


* We state this theorem, for the sake of simplicity, only for the case in which the point ¢ con- 
sidered in the last section coincides with the point a. The portion (a) of the theorem is well 
known. It is stated here only for the sake of completeness. The portion ()) establishes under 
certain conditions the continuity of an implicit function. By restricting the range of values of 
the 2’s it might easily have been stated in a form in which it establishes the existence of this 
implicit function. We are, however, considering a case which goes beyond that commonly con- 
sidered, for on the one hand the function y need have no derivatives with regard to the /’s, and 
on the other hand @y/@z may vanish at a point z;. 


| 
y 
i | 
j 
| 
| 
| 
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constant m such that for all values for the X's for which y(a;,, ---,r,) + 0 
the following inequality holds: 
z(a3 A,) 


hk? 
(34) 

The portion (a) of this theorem follows at once from theorem XVII; while 
theorem XVIII establishes the continuity of «, for any set of values (A,, ---, A,) 
for which y(a; A,,---,A,) + 0. 

Let us then, in order to complete the proof, consider a set of values (A,5-*+5 A,) 
such that y(a; A,,---,A,)=9. If we can show that a positive 6 exists such 
that when : 

rA,—A,| <4 (é=1, 8, -++, 8), 
then : 


the continuity of x, at the point (A,, ---, A,,) will follow at once from XTX when 


we remember that for a sufficiently small 6 the functions: 


k 


have the same sign. 

That a 6 of the sort here required does exist may be shown as follows. 
Suppose no such 6 exists. Then there exists an infinite sequence of points : 


ALY), ALJ ) (f{=1, 8, 
such that: 
lim =X, (i=1,2,--:, k), 
j=e 


9° y(a; )-2(a; rn), Al) <0 (j=1, 2,---). 


From this it follows that: 


lim 


z(a; .--, 
y(a3 


and this is in contradiction with (34). 


The theorems just proved in conjunction with the Theorems of Comparison 
($3) form a sufficient basis from which to develop with ease a theory of the 
system (1) when the coefficients P, Q@, 2, S are continuous functions of 
(w, X)* of such a nature that P + S is independent of 2, Q and /2 continually 
increase (or at least do not decrease) as \ increases, and, for all values of \ with 
which we are concerned, Q has a negative characteristic sign. We should then 


*[ confine my attention here, for the sake of simplicity, to the case where there is only one 
parameter 2. Cf., however, Encyclopidie d. math. Wissenschaften, vol. 2, part 1, p. 450. 


| 
| 
- 
| 
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consider a solution (y, z) of (1) determined by initial conditions at @ in such a 
way that y(a, X) and z(a@,X) are continuous functions of A which do not vanish 
simultaneously, and such that if y(a, 2) vanishes for one value of > it van- 
ishes for all larger values of X with which we are concerned, and that when 
y(a, %) + 0 the function z(a, A)/y(a@, A) either increases or remains constant 
as A increases. Under these circumstances it follows at once from theorem X 
that (except in certain special cases which correspond to (15) and (16))* the 
roots of y(#, 2) are continuous functions of A which continually increase as X 
increases: while from XI it follows that (except in the special cases just referred 
to) when y(b, + the function z(b, A)/y(b, X) continually increases. 
Further developments, for instance the proof of Theorems of Oscillation, 
will then follow without difficulty. Although the theorems thus obtained would 
be distinctly more general than Sturm’s theorems, the methods to be used are 
from this point on precisely those which I have used on another occasion} to 
establish a special case of SturM’s results, and I shall therefore not take up the 


space which would be necessary to give them in full. 


$7. The homogencous linear equation of the second order. 


By applying the theorems of $$ 2, 4 to the system of equations (3) a series of 
propositions concerning the equation of the second order (2) may be immediately 
deduced. The theorems thus obtained are for the most part identical with the 
propositions which fre in part explicitly, in part implicitly contained in the third 
section of my paper: On certain pairs of transcendental functions whose roots 
separate each other.~ I therefore state here merely the proposition which 
follows from theorem XV, this being a result which was not mentioned in the 
paper just referred to. It is assumed here and in what follows that p and q are 
throughout (7) continuons real functions of x. 

If y, and y, ave two linearly independent solutions of (2), and if $, and ¢, 
ave throughout (I) continuous real functions of « with continuous first deriva- 


tives which do not vanish together and such that the function: 


$, — + + Pb, + 


has a characteristic sign, then the functions : 


have no root in common, and the roots of these two functions separate each 
other. 


* It is for instance sufficient, though not necessary, that as 7 increases 2? does not remain con- 
stant at all points between a and the root of y(z, 7) in question. 

+ Bulletin of the American Mathematical Society, April and May, 1898. 

t These Transactions, vol. 2 (1901), p. 428. References are here given to similar but less 


general results of STURM. “ 


| 
| 


| 


1902 | LINEAR DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 215 


It is, however, possible to pass from equation (2) to a system of equations of 
the form (1) not merely by the substitution y’= z but also by an infinite number 
of other substitutions, * of which by far the most important is the following. 

If we write with StuRM: 


K= ol” Gea 
equation (2) takes on the form: 
1 


(2’) ) + Gy =0. 


This equation is equivalent to the system of the form (1): 
(3’) z= — Gy. 


By applying the theorems of §§ 2, 4 to equations (3’) instead of to equations 
(3) we get in general propositions equivalent to those referred to at the begin- 
ning of this section though expressed in a somewhat different form. In the 
case of theorem VI, however, the result obtained is more general, viz.: 

If G (or q) has a positive characteristic sign, then (except at the points, 
necessarily finite in number, where y = 9) the function Ky’ /y decreases contin- 
ually as x increases. 

By applying the theorems of §3 to equations (3’) we obtain Srurm’s two 
fundamental Theorems of Comparison. § 

Finally the theorems of $$ 5, 6 may be applied with ease to the system (3) 
or (3’). 


HARVARD UNIVERSITY, CAMBRIDGE, MASS. 


* In general we might let: 


and we should get for 7, 2 a system of the form (1). By using these formule directly in §2 the 
transformation of §4 would become unnecessary. 

+ It is in this form that all of STURM’s results are stated. 

Sturm, l. c., p. 159. 

§ Cf. SturM, l. c. A compact statement of these theorems will be found at the end of my 
paper: Application of a method of d’Alembert to a proof of Sturm’s theorems of comparison, these 
Transactions, vol. 1 (1900), p. 414. 


_ 
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ON A RECENT METHOD FOR DEALING WITH THE INTERSECTIONS 
OF PLANE CURVES* 


BY 
CHARLOTTE ANGAS SCOTT 
Introduction. 


1. In considering NorruEr’s theorem under its geometrical aspect, a ques- 
tion of interpretation forces itself into notice. In order that a curve = 0 
may have an equation of the form Pu + Qv = 0, where u = 0, v = 0 are given 
curves, the coefficients in the expression /’ must satisfy certain conditions ; any 
one intersection of w, v being taken as origin, the conditions arising from this 
one affect the coefficients of terms whose degree does not exceed a certain value. 


Of these conditions some bear their interpretation on their face—the curve 7” 


must have a multiple point of a certain order, with tangents possibly given ; 
but what is the geometric meaning of the others ? 

The determination of their precise algebraic construction is the first stage in 
the inquiry, and to this question an answer has been given in a very simple and 
significant form in a recent memoir by Dr. F.S. Macautay.+ His explana- 
tion of the nature of the conditions is applicable not only to the so-called simple 
case, when the two curves u,v have no contact at any common point, but also 
to the general case, when either curve alone presents a singularity of any degree 
of complexity, and the two have contact of however elaborate a nature. 

The conditions are simply the vanishing of (1) a single linear function of the 
coefficients, and (2) all functions obtained from it by a particular process of 
derivation. If we denote the coefficient of xy’ by z;,, or, more conveniently, 
the coefficient of «?~“y’ by z”, this process is simply the repeated and com- 
bined use of the two operators: 

D, = diminish every 7 by unity, D, = diminish every qg by unity, 
or, 
D, = diminish every index p by unity, with the understanding that 2 is 
zero, for p <q, 


D, = diminish every index p and suffix ¢ by unity. 


* Presented to the Society December 27, 1901. Received for publication February 11, 1902. 
tProceedings of the London Mathematical Society, vol. 31 (1899), pp. 381- 
423 ; see also vol. 32 (1900), pp. 418-430. 
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The order in which the operators are used is obviously a matter of absolute 
indifference. Thus, for example, if the original condition is H = 0, where 
BE = az + be) + 4+ dé + + fei + + hz + kz} + leh, 
then 
DE = az + be + + ez) + fei + =0, 


bz? + cz? + dz, + + gzi + ke) =0, 
0, 


D? az) + bzi + ez} 
DD, E = bz) + czi + fz) = 


| 


Di B= cx, + dz +9z,=9, 


0 
0 
These four equations reduce to the one, z? = 0; the three above are equivalent to 
two only, namely, z} = 0, z| = 0, unless such relations hold among a, b, c, d 
as will reduce these three to one, namely, a/b = bc =c/d. The two before these 
give 

+ bz? + = 0, bei + czi + dzi = 0, 
that is 
= bd—c’: be— ad: ac — 0b’; 


and the original equation can be simplified by the omission of the terms now 
known to be zero. Thus it is seen that there is a double point with given tan- 
gents, the coefficients of the term. of the third degree being moreover subject 
to one linear condition. The number of independent equations in this system 
is six. 

The set of equations, consisting of a single “ prime equa ion”’ and all its 
derivates, Dr. MacauLay speaks of as a “ one-set system”; the ‘“ base-point” 
thus defined (that is; the point together with the entire specified nature of the 
curve) he calls a “ one-set point.” If ¢ prime equations are necessary for the 
complete specification, the point is a “ ¢-set point.” 


2. The second of the two memoirs contains certain applications of the theory 
which is developed in the first memoir. The principal theorems there obtained, 
but in a different order, are: 

(1) the complete intersection of two curves u, v determines a one-set point (pp. 
394-400) ; 

(2) the complete intersection of t+ 1 curves u,, Uj, +++, u, determines a t-set 
point (pp. 419-428) ; 


(3) the number of points of intersection of two curves at one common point is the 


same as the number of equations contained in the one-set system afforded by the 


intersection (pp. 388-393). 


| 
| 
| 


218 Cc. A, SCOTT: ON THE THEORY OF [April 


The whole development of the theory, as well as the proofs of these theorems, 
is elaborate and complicated ; for instance, certain theorems of residuation are 
proved, and on these the proof of (2) is based. These theorems are, however, 
far removed from the inherent simplicity of the conception, and they throw no 
light on the very interesting character of the equations. On account of the in- 
trinsic interest, and, I believe, importance of the central idea, it seems worth 
while attempting to present the theory with some fulness, but in a more direct 
manner. In this recasting of Dr. MAcAULAyY’s material I have slightly inverted 
the definitions of his original memoir, and have given entirely different proofs 
of theorems (1) and (2). These proofs are in a different order of ideas; by 
means of a theorem of ascent 1 determine with precision the nature of the set 
of equations, after which examination the proofs of the two theorems follow 
immediately. The proof of (3) (Theorem I in the original memoir), is practi- 
cally the same as the proof there given, but the preliminary investigation into 
the nature of the equations makes it somewhat more simple.* 


3. Some preliminary remarks will perhaps make the trend of the argument 
clearer. As these are simply of a general and explanatory character, by no 
means essential to the formal treatment, some freedom is exercised in the use of 
certain phrases, which in a different context might challenge criticism. We 
begin by postulating elements of which the simplest kind is the usual directed 
linear infinitesimal element ; these are combinations of infinitesimal ares of all 
possible kinds, connected (as members of one complete branch) or entirely dis- 
connected. Thus, for example, two ares through the origin determine a double 
point; if no information is given as to the tangents, this element has two initial 
degrees of freedom; if the tangents are to be a pair in an assigned involution 
of line-pairs, the element has only one initial degree of freedom. We are 
concerned only with the degrees of freedom of the element assigned by the 
given conditions ; we have nothing to do with what happens to the separate ares 
afterwards. Such an element is spoken of as a base-point. If the element has 
one initia degree of freedom, the base-point is a one-set point; if it has ¢ 
degrees of freedom, the oint is ¢-set. Thus an unconditioned k-point (mul- 
tiple point of order /) is necessarily a k-set point, for the element is composed 
of & simple ares with unspecified tangents, and has, therefore, 4: degrees of free- 
dom. But if any relation is to hold among the branches, this diminishes the 
number of degrees of freedom, and the point is a ¢-set point, where t <k. 
Any branch may be separately specified to any extent; but if then left free to 


wave independently of the others, the result still holds. 


* The proof as given in the memoir, under its most natural interpretation (for it is extremely 
obscure) is open to criticism also on the score of rigor, but I have received from the author a 
modified form of some of the statements, designed to make it clear that when properly inter- 
preted they are not open to this criticism. The obscurity however remains. 


| 
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If the point be ¢-set, let w,, u,, ---, u, be curves, otherwise independent, on 
which it exists; then it exists also on 


+ Xu, =9, 


where X,, -X,, ---, X, are general polynomials in x, y; and as this has initially 
t degrees of freedom at the origin the system may be expected to include all 
curves endowed with this point. 

The equations proper to any base-point may be looked upon as specifying the 
nature of the curve in an infinitesimal region surrounding the point; when the 
curve enters this region, it comes under the influence of the prime equations, ¢ 
in number if the point is ¢-set; but it is by no means necessary that the curve 
come under the influence of all ¢ prime equations simultaneously. 


I. Nature and arrangement of the equations. 


4. Our object is to determine the nature of the conditions to which the coeffi- 
cients in the equation of a curve, u=90, must be subject in order that the 
equation may be expressible in the form X,u,+ X,u, = 0, or, we may say, in 
order that the curve may be a member of the system XY, u, + X,u, = 0, where 
u,, Uu, are given curves, while .V,, 1, are entirely arbitrary polynomials in x, y. 
We consider this question only as regards the conditions due to the nature of 
the curves at the origin, this having been taken at a point common to w,, w,. 
All curves of the system have something in common at the origin, even if it be 
only, as in the simplest case, that they pass through it. Similarly, as regards 
the more general system of the same type, 


+ Xu, + XLu, + = 9, 
which obviously includes the general linear system 
hu, thiu,+---=9, 


there arises the question of the behavior of the curves at the origin; in other 
words, the determination of their common characteristics at that point. 

The form of the conditions appear at once from this delimitation of the field 
of investigation. (1) If Y be any polynomial, the reducible curve Xu = 0 has 
the same branches at the origin as vw = 0, with others in addition if the curve 
X = 0 itself passes through this point. Hence the coefficients in Xw satisfy the 
equations to which the coefficients of w are subject. Since Y may be taken to 
be a mere numerical multiplier, this proves that every equation is homogeneous 
in the coefficients of uw. (2) Inasmuch as any curve uw + kv = 0 belongs to the 
system if w, v are members, it follows that the coefficients in w + hv satisfy the 
equations for all values of &. Consequently the coefficients of wu enter only in 


the first degree; that is, every equation with which we are concerned is linear 
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in the coefficients of uw. (3) If for the polynomial XY we take simply 2*y’, 
it is evident that any equation satisfied by the coefficients of w in virtue of 
the base-point is satisfied also by the corresponding coefficients of x*y*u.* 
Thus if >A = 0, and if we form this same expression for x” y* uw, the term 
has now the coefficient z,_, hence we have The 


original equation being denoted by # =0, the values 1, 0 for A, k give 
= 0, and the values 0,1 give D, # = 0, where D,, D, have the meanings 
explained in the introduction. The equation derived from 4 = 0, as above, is 
D* D' E=0. In the index and suffix notation, the result obtained is that if 
2. ves 0, then for any set of values 7, m, such that p—l=q—m,l=m, 
= 0. If this be denoted by then D,# is is The 
equation 4’ = 0 is looked upon as the prime equation or source; the others are 
derivates or descendants. By the degree of an equation is to be understood 
the highest index p that occurs. If an equation is of degree p, then any pth 
derivate is simply z? = 0. 


5. One prime equation with all its derivates may not account for all the 
equations to which the coefficients are subject. If ¢ prime equations are neces- 
sary, the point is said to be ¢-set. For instance, the two prime equations 
z'=0, 2} = 0, with the one derivate = 0, determine a two-set point, a 
simple node. If all the equations are accounted for by the one prime equation 
and its derivates, the point is one-set. 

An equation that is prime for one base-point may present itself as a derivate 


for a more extensive base-point. For example, on the curve 


+ + 2° + 
the curve 
274+ +y 4+ 
determines a one-set point for which the prime equation is 23 — 2] + z} — 2z' =0; 


while the curve 


+ + 2y*+---=0 


determines a one-set point with the prime equation 


2 
a” a ao” « 9, 
“9 “3 me 


whose x-derivate is — 27 + 23 —2z25=0. 


* Although this brings in other branches at O, the existing branches are not affected. The 
wording in the text can, however, be varied ; (1 + dxr*y*)u has exactly the same base-point as u ; 
hence, if $4,,,2r,, = 0, it follows that + bzr—a,q—-x) = 0, from which, by subtraction, 
the result follows as in the text. 


| 
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6. Law of unit increase.—From the mode of formation of the derivates, it is 
seen that the number of any degree may increase by unity for every diminution 
in the degree; we have, in fact, the scheme 


E.. . . of degree p, 
. of degree p—1, 


Ee Ei . of degree p—2, 


where the two derivates of any equation are placed obliquely below it, the x- 
derivate to the left, the y-derivate to the right. Thus /? is the «x-derivate of 
F' and the y-derivate of F}. There may however be agreement among the 


derivates ; in the example of the last paragraph, the y-derivate of 


is — 2° + 27 — 23+ 22! = 0, which is the same as the «x-derivate, in virtue of 
the relation, shown by the next derivates, — zi = 9. On account of this pos- 
sibility, all that can be asserted at present is that in any one-set system the 
increase, for unit decrease in degree, cannot be more than unity. This warrants 
no conclusions as to the total number of equations of any degree for a ¢-set point, 


inasmuch as there may be prime equations of that degree. 


7. Whether the point be one-set or t-set, if the greatest number of equations of 
any one degree be k (where obviously k = t), the point is multiple of order k. 
By hypothesis, there are & different equations of some degree p; that is, from 
these there can be formed linearly no equation of lower degree. It is to be 
proved that the number of independent equations of any lower degree p’ can- 
not be less than /, provided that p'=k. As every equation gives at least one 
representative in the next lower degree, it has to be shown that these can be 
chosen so that no two agree as to their highest terms; or, more generally, so 
that the highest terms cannot be eliminated from any number of the equations. 
The choice to be made is that between x-derivates and y-derivates. 

If some of the x-derivates can be combined in such a manner as to eliminate 
the highest terms, then their sources can be similarly combined so as to elimi- 
nate the highest terms with the exception of 2”; for any term ?z’~' in a derivate 
arises from a term r? 2 in the source, hence all terms in the source, except 2, are 
represented in the derivates. This combination of the sources yields an equa- 
tion by which 2’ is given in terms of z’s with a lower index. There cannot be 
two such equations, since by hypothesis it is not possible to eliminate every 2. 

Hence in forming the x-derivates one of two things must happen: either (1) the 


k independent equations of degree p give, by means of their w-derivates, k inde- 


| 

2+ 2 — 23 — 22° 4+ 222 — = 0 
a 
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vendent equations of degree p — 1, which is the desired result; or (2) the 4 equa- 
tions of degree p can be written as one, giving z” in terms of lower z’s, and / — 1 
D 5 ~» 
that do not contain 2’. The x-derivates of these give & — 1 equations, and the 
y-derivate of the first gives 2”—} in terms of lower z’s. If this is independent of 
the i — 1, the result follows; if it is not, these & — 1 equations can be com- 
bined so as to eliminate every 2?~' except 2?—|, and the similar combination of 
their sources will not contain any 2” except z?_,; this combination is therefore 
J 
an equation giving z”_, in terms of lower z’s. The & equations of degree p are 
q D ~p—-1 1 
now 
(1) one, giving 2 in terms of lower z’s, 
(2) one, giving 2?_, in terms of lower 2’s, 


(3) & — 2, not containing 2”, 2?_,. 

At every repetition of this argument, either the immediately favorable case 
presents itself, or we continue with the apparently unfavorable case; this goes 
on until the & equations of degree p are all arranged so as to give, separately, 
+++, 2_,,, in terms of lower z’s. The y-derivates of these, which 
are all different, yield / independent equations of degree p — 1. 

This argument holds so long as p — & + 1 > 0, that is, down to and includ- 
ing the case p) =k. Thus we have k equations of the type 

(zk, zk, --- 2*)' = a linear function of lower z’s. 

i) If every z* is present, tl ke i van be solved ive every 

(i) If every z* is present, these / equations can be solved so as to give every 
2‘ (q + k) in terms of z; and lower z’s. The x-derivates then give k independent 
equations 


= a linear function of lower z’s, 
z*-! — a linear function of lower z’s, 


z"-' — a linear function of lower z’s. 


Proceeding with the x-derivates, we obtain finally, in reverse order, 


2’ =0, 


0 


5 
| 
| 
4 
! 
0, 0, ---, =O. 
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These values for the lower z’s reduce the k equations of degree & to the form 


= known values. 


Thus the point is multiple, of order £, with determinate tangents. 

(ii) If any one z* be absent, the remaining zs, & in number, are obtainable 
linearly in terms of lower z’s. The a-derivates of those before the missing 
one, and the y-derivates of those after, give the & independent equations ex- 
actly as in the preceding case. We still have the multiple point of order k; 
and moreover every 2‘, except the missing one, is zero. If this unmentioned 
one be z’, the tangents are w‘~'y'=0. If now p</k, this amounts to saying 
that we have independent equations of degree =4—1. As the number 
of z’s of any degree / is equal to h +1, the lowest possible value for this 
degree is kK—1; the equations in this case can be written so as to give 
gh ..., 2k) linearly in terms of lower z’s, and exactly as before, 
by means of x-derivates it is seen that every z up to and including every z‘—’ 
must vanish. In this case however the tangents are not necessarily determined. 

The general conclusion is therefore that if for any degree p there are as many 
as k independent equations, this being the greatest number for any degree, then 
the point is multiple of order £, with tangents which are determinate, if p = k; 
possibly conditioned in some manner, if p= —1; entirely unconditioned, if 
p =k —1 and the equations are prime. 


8. Any equation of the set may of course be modified by the addition of mul. 
tiples of any other of the equations. When it is found that the point is multi- 
ple of order k, so that every 2” (p < k) is zero, all these lower z’s are to be struck 
out of the equations. Another possible simplification can sometimes be detected. 
If a linear function of an expression / and some of its derivates presents itself 
as an equation of the set, this can be replaced by H=0. For taking all the 
derivates down to and including the pth derivates, where p is the degree of £, 
we obtain 


Hi =0,---, = 0; = linear functions of #”’s = 0, 


and so on, till finally H = 0. 


9. The argument by which it was shown that the point is multiple of order k 
depends on proving that the number of equations cannot diminish as the degree 
diminishes, so long as this degree = &. It has been remarked that in general 
the number of equations derivable from any one prime equation increases by 


unity when the degree is diminished by unity. e prime equation / = 0, 0 
ty when the deg 1 hed by ty. The juat E=0, of 


degree p, yields two derivates /’) and Z|, and consequently two equations of 
degree p —1; thus there is at least a double point, unless these two derivates 


are absolutely equivalent. To exhibit them as equivalent, it may be necessary 


Trans. Am. Math. Soc. 13 
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to modify them by the addition of multiples of lower derivates, but this will not 
affect the terms of highest degree. Let the prime equation be 


B= a2 + + --- = 0; 


the derived equations are 


= + a, 7-1 + (z) + 0, 
=a,2-' + + + (2)? + = 0. 
These agree as to their highest terms if, and only if, a,/a, = a,/a, = --- = a,_,/a,; 


that is, if the coefficients of the highest terms form a geometric progression. 
The prime equation can then be written 


so that it is at once obvious that all derivates of any one degree are equivalent 
as regards their highest terms. 

The equation pL! — F'| = 0 is of degree lower than p — 1; if it is express- 
ible in terms of derivates of /'|, the two equations /’} and £'! are absolutely 
equivalent; from /’ = 0 we obtain by a single derivation only the one equation 
FE} =0. Similarly the three derivates of degree p — 2 reduce to one only; 
for they are D,F\. Now = £), therefore 
= = = also DE = D,£,, thus all are equiva- 
lent to #*. In like manner the next derivates reduce to one only, and so on. 
Hence unless the first two derivates are independent, there is but one derivate 
of any degree, and the point is not multiple. Jf the point determined by a 
given prime equation is multiple, this fact will make itself felt at the first 


derivation. 


If now the equation » #! — L'!| = 0, of degree < p —1, is not expressible 
in terms of lower derivates of /’), the two equations /’} and £'| are not abso- 


lutely equivalent; from “ =0 we obtain by a single derivation the equation 
EF’ = 0 and an equation of lower degree. Similarly at any stage in the deriv- 
ation it may be possible to eliminate from the m + 1 equations of degree p’ — 1 
all the highest terms, thus obtaining an equation of degree p”(< p’ — 1), to be 
substituted for one of the m + 1 equations. If this new equation is expressible 
in terms of the derivates of the m others, it adds nothing to our knowledge ; 
from the m equations of degree p’ we obtain only m equations of degree p’ — 1. 
But if this new equation is not so expressible, it has to be taken into account 


when we arrive at degree p”’. 


10. In forming the scheme of equations, whether it be regular or interrupted, 
the identity of D,#} and D, £{_, makes it unnecessary to write down both. 
x- and y-derivates of all the equations at any stage; it is enough to write down 
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the x-derivates of all, and the y-derivates of the last one (the pure y-derivate 
E'). The simplest process is perhaps to form the y-derivates, writing these in 
an oblique line downwards to the right, and then write down a vertical line of 
a2-derivates, starting from each of these. The simple or regular scheme, that in 
which no elimination of the highest terms from the equations of any one degree 
is possible, is then 

HE... . . of degree p, 

E\ .. . . of degreep—1, 

. . Of degree p — 2, 

E* E* E} E} of degree p —3, 

et. . . . ete. 
If now the arrangement is interrupted by the possibility of eliminating the 

terms of degree p’ — 1 from the m + 1 equations of degree p’ — 1, so obtaining 


an equation #’’ = 0 of degree p”(< p’— 1), for the derivates at this stage we can 
substitute £,, £,,---, # FE’. As before, it suffices to take the x-deri- 


m—~1? m 


vates of ---, if both x- and y-derivates be taken of Thus for 
degrees p’— 1 to p”+ 1 included, there are m equations; at degree p” there are 
m + 1 equations, since /’’ is now to be taken into account, and the law of unit 
increase is resumed until again interrupted. It is convenient to speak of the 
equations of which x-derivates only need be taken as stationary, the other being 
progressive. As an illustration of such an interrupted scheme take the prime 
equation 


— 2 — 2) — 228 — 828 — 523 — 823 + + 2) + 2) + 82) 
+ — + 26 + + 28 4 428 4 xf + + 22? + 23 + 825 = 0. 
Here F? + H*? — E? is of degree 5; there are only two independent equa- 
tions of degree 6. The three of degree 5 are 
— 2) — 23 — 2) — 223 + + af + + + 2f = 0, 


3 5 5 5 5 2,5 4 4 4 4 oo 
= — 2 — 2 — 2} — — 3823 + + + = 0, 
an 


E* + — E = 22), — + 823 + 523 — 23 + 824 + + 52} + ef = 0; 
and since there are four of degree 4, namely 
= — + + 52 = 0, 
D, B= — % +82 + 523-2 =0, 


4 


4 

A 


bo 
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there is a 4-point, with determinate tangents, given by 


82:94; —45:13: — 25, 


0 1 


that is, 
82x* + — 452° + — 2524 = 0. 


The diagrammatic representation of this set of equations is 


EH... . . of degree 8, 


of degree 7, 
E* .. . . of degree 6, 


E: ES E. . . of degree 5, 
BE, E,. of degree 4. 


In the regular scheme, if the prime equation be of degree p, the number of 
equations of any degree k—1 is p+2—k. Solongask=p+1—k, the 
derivation can go on; but since a set of & equations of degree k — 1 indicates a 
k-point, the value of p is determined by the equality k = p + 2 —k, and con- 
sequently p= 2(k—1). If p has a greater value than this, the scheme is not 
regular. 


11. It has been shown that if the first two derivates are absolutely equiva- 
lent, then there is only one derivate of any particular degree. The general 
theorem, of which this is a special case, is the following: 

If the k derivates of degree p give rise to only k derivates, then the number 
remains stationary, and the point is consequently a k-point. 

Let the k derivates of degree p be denoted by £,, £,, £,,---, #,,. If 
the set were regular,.we should have at the next stage £+1 derivates, 
£), where = D_E,, ete. and = D £33 but by 
hypothesis, these are equivalent to k only. There is therefore one linear rela- 
tion connecting some or all of the #’s; let the’/ast Z' involved in this be Z}, 


so that the relation can be written 


The independent derivates of this rank are now 


In the next rank we have to take account only of the x-derivates of Z'} to 
E}_+, the y-derivates of Z},, to H). For the only y-derivate not included 
among these is D, £}_,, which is the same as D £}, and is therefore equal 


toD (a, £)+a,#}+-+--+a,_,£)_,); that is, it is a linear function of those 


| 
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a-derivates that have been taken into account. Similarly, the only x-derivate 
apparently neglected is 


D,E',, = D,E} 


=> D(a, +4,£; +: 


=D 


Now the x-derivates of F},---, #}_, have been explicitly taken into ac- 


count; and it has just been shown that DZ} depends on these. Consequently 


no derivate has been neglected ; all the derivates of the next rank are obtained 
by means of these A x-derivates and k — / y-derivates; their number is there- 
fore k. A precisely similar proof applies to the equations of the next rank, and 
soon. Thus if all the equations become stationary, they remain stationary. 
The diagram now presents such an appearance as the following, for which the 
system of equations is that proceeding from the prime equation 


af — at (of + (= 0. 
EE... of degree 8, 
. . Of degree 7, 
E* . of degree 6, 
Ei. of degree 5, 
E* . of degree 4, 
E* . of degree 3, 
Et E* ES . of degree 2. 


II. The theorem of ascent. 


12. It is a simple matter to write down, beginning with the lowest terms, the 
general equation of a curve for which a given system of equations is satisfied. 
The converse operation, that of determining the equations satisfied by the co- 
efficients of given curves that pass through the origin, though possibly lengthy, 
is simple enough, theoretically. As regards the coefficients of the lower terms, 
the equations can be found by a direct process; but for the higher terms, the 
process of ascent is more satisfactory. This is directly derived from a theorem 
now to be proved, but before entering upon this, it will be shown that two 
curves u, v with a k-point at the origin satisfy either k —1 or k equations of 


degree k, and k —2,k—1, or k equations of degreek +1. 


| 
| 
| 
| 
| | 
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Since every z with index < & is zero, the equations of degree k are of the type 
+A 
Let the given curves be 
+ 
v= + +---= 0, 
then the )’s are subject to the conditions 
+A ak =0, 
A, +A, + --- +A, = 0. 
Hence the general equation of degree & is 
at aki =0, 
where the X’s are arbitrary. There are therefore k — 1 equations of degree k, 


obtained by equating to zero the coefficients of the different ’s; these equa- 
tions are given by any & — 1 independent determinants of the set 


If however the tangents to w, v at the origin are the same, so that 
the d’s are subject to only one condition, namely, 


A, + A, +X, = 0, 


and the equations are those given by 


that is, 


k equations which express simply that the tangents are given. 
If some of the J’s are proportional to some of the a’s, the equations remain 
1 
&—1 in number. Every determinant can be written so as to contain one 


ac a’ a’ 
BF... B | 
rf 
| 
| 
a‘ a’ 
| 
| 
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column in which the 4 is not this same multiple of the c. The determinants 


are then of the two types 


wh al ial 
ak ak =0,7 =), 
br bi pak pa’, 
of which the second reduces to z‘ : ai = zi: a. Thus the case is in no way ex. 


ceptional. 

No values for the a’s and 0’s can make the number of equations exceed /, in- 
asmuch as & + 1 equations of degree /: would give for every z* the value zero, 
thus determining the multiple point on the curve as of order k +1. Hence 
the number of equations of degree & is / — 1 in the general case, & if the curves 
have all their tangents in common. 

It is now to be determined how many equations there are of degree k +1. 
If there are k — 1 equations of degree k, by means of these all z’s can be ex- 
pressed in terms of two only; if these are z‘ and z’, then any equation of degree 
k+1 is 

where the y’s are subject to the conditions 
k+l k-+1 k-+1 k 
k+1 k+l k--1 k k 
The «- and y-derivates of these give other equations to be satisfied, namely 
ak ak 
wk wk wk 
hence the y’s must satisfy 
k 
= 0, 
0, 


+ 


+ + 


Thus the & + 4 parameters (/ + 2 w’s, a, 8) are subject to six equations, and so 
k — 2 parameters are arbitrary. The number of equations of degree k + 1 is 
therefore / — 2 in general, though a linear relation connecting the six equations 
may increase this number. As however it is known that it cannot exceed the 
number of equations of degree /, it can only be & — 2 ork —1. 


| 

| 

| 

| 
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If however there are & equations of degree k, every z* is known in terms of 


any one, e. g., 2". 


Thus the general equation of degree k + 1 is now 
involving only /£ + 3 parameters. The y’s are subject to four equations only, 
since every b* is equal to the corresponding a*. These are 
k+l | k+1 
k+1 k+l k+l 
k k 
k k k 


The number of arbitrary parameters is therefore k + 3 — 4, that is, 4 —1; the 
number of equations of degree / + 1 is in general / — 1, though a linear rela- 
tion connecting the four equations may increase this number to %. As before, 
it is already known that it cannot exceed /. ' 


13. The theorem of ascent is the following: 

If two equations, satisfied by the coefficients of two curves, have a common 
derivate, then they have a common source. 

So much light is thrown on the important points in the proof by numerical 
examples, that it seems advisable to preface the formal discussion by two of 
these, relating to the two principal cases that present themselves. 

(i) Let the curves be 

arty? ay? + ay! ary? + ay? y? + y' = 0, 

af 4 y? + 4 y? + =—0; 


these have at the origin quadruple points, with tangents that are different for 
the two curves. There are two equations of the fifth degree, namely, 


Forming the derivates of these, we find 
DE, =2#=0, D, 
D_ D, —2,=9. 


Hence DE, = D,EF,. Itis to be shown that an equation / = 0 can be found, 
satistied by and v, such that = FL, = DL. 


| 


| 
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It must be borne in mind that any equation can be modified by means of any 
of the derivates. Thus if / be 


+---+y 
we can add to this A, /, + A, #,, so making two of the §’s assume arbitrarily 
chosen values; and then we can modify the y’s in a similar manner. Since the 
origin is a quadruple point on both wu and v, every z below z* is zero. 
The values of a are to be chosen so that the two derivates of H may agree 


with #7, and #,; and if 8, and 8, are then made zero, as also y,, ¥;, ¥,, the 
whole equation can be written 


+ B, 2 + 8,23 + + B,2; + + = 0. 
The x-derivate of this, namely, 
+ B, + B,25 + B,25 ’ 
when modified by means of derivates, if necessary, is to be the same as 


Since zf = 0, 2 = 0, and z{ = 2}, this requires 8, = 1, 8, = —1. 
Similarly 
is to be the same as 


4 


4 
2 — 
— 


and therefore 8, = —1,8,=—1. 
Comparison of the derivates gives no information about y, and y,; thus the 
desired source is 


6 5 wD 5 


Up to this point the result is applicable to any curves for which the given 
equations hold. The two parameters in the terms of degree 4 make it possible 
to apply the equation to any two such curves. For the two given curves the 
necessary values are y, = 2, y,= 0, and the desired source is the equation of 
the 6th degree 


54 
— 2 2h + = 0. 


The set of equations is in this case regular, and the diagram is 


« 
E\ . . . of degree 5, 
. of degree 4, 


E? E* E? E?. of degree 3. 


| | 

| 

| 
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The presence, in the source determined without reference to the particular 
curves, of two arbitrary parameters in the terms of lowest degree /, is what 
characterizes the solution. 


(ii) For the curves 
+ aty? — + + 100° + + + 5a’? y’ + 10 
+ + bat + 4+ 38a? y + ay + 20° 4+ t+ Try’ + 2y=0, 
-+ 62° + —102°y' — bay — — — 48 ary 
— 120° + + + 4+ — + + 2y' 
+ 20° + Ta’? y+ Tay’? +2y=0, 


there are satisfied two equations of the fifth degree with ail their derivates. 
These are 
EB, = 3225 — 562° + 8823 — 1442) + 2522° — 46623 


+ 8728 + 52! + + — 16924 — 152123 = 0, 
E, = — 5625 + 882° — 14425 + 25225 — 46625 + 8982 
— 1812) + 62) + 82) + 1025 + 1422) + 18792) = 


The identity of the y-derivate of the first with the x-derivate of the second 
appears when the terms of the third degree are modified by means of the values 
for z}, z}, 2}, 23 given by the next derivates. These derivates, 


DE, = 38223— 56224 8823 -—1442=0, 
E, = D? E,= — 5625+ 882} — 1442) + 26223 =0, 
D* E, = D,D, E,= 8823 — 14423 + — 46623 =0, 
= — 14423 + 25223 — 466z} + 893823 =0, 
are equivalent to three only, for the result of multiplying 2 and 
adding vanishes identically ; solving, we have 23: 23:23:23 =2:7:T: 


l 
By means of these values, the derivates of /, /, can be written 


DLE, = 322— 882) 14425 4 252214 8422=0, 


0 
D,E, = DE, = — 56x), + 882} — 1442 + 25225 — 4662) — 12225 = 0, 
D,E,= 882) — 1442! + 25224 — 4662! + 8932! + 21123 = 0 


| 
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The highest terms in a possible source for these two can be written down at 
once, and the equation of the source can be taken as 


E = 3225 — 562° + 8828 — 14428 + 2522) — 4662° + 898328 
The two derivates of this are to agree with the given equations ; hence 
1% + + 


must agree with 


38724 + Tei + — 1692! 
and 


— 1812‘ + + + 102) + 1422! 


with the help of the derivates of the fourth degree. This yields the equations 


B,= 87+ 82r,— 562,+ 
B, 5— 562,+ 88r,— 1442, =—181+ 5625+ 88x, 
B,= T+ 88A,—1442,4252.,= 6— 
B, =—169 + 252, — 4662, 4+ 893r2,= 10—1442/ + 252r; — 46621, 
= 1424252r'— 662; + 


The four equations in the )’s and X’’s, obtained by equating the two values 
for 8,, 8,, 8, and 8,, are equivalent to three only, on account of the relation 
already noted in forming the derivates, which holds also for the numerical part 
of the equations now in question. Moreover, any two relations in the §’s can 
be imposed arbitrarily, inasmuch as the source can be modified by the addition 
of linear multiples of /, and #,. For simplicity, let these relations be such 


that A; = 0, A; = 0; the three equations then give 
+ fA, A, = — + A, A, = ~ + 34, 
where A is written for — 4X}; and the §’s are consequently 
8.= 6883+ A, 8,=6+4 144, 8,= 10+4 364, 
8,=-—181 —8A4, 8, = 8 — 224, 8. = 142-634. 


| { 
| 
| 
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The souree can now be written 
322) — + 882) — 1442% + 2522" — 46625 + 89325 
+ (688} 2° — 1812? + 625 + 82° + 1023 4 1422?) 
+ A(z} — 82} + 1423 — 2223 + 3625 — 632%) 
+y2+y2i =0, 


in which the terms in z‘ have been modified by the addition of linear multiples 
of the three independent derivates of the fourth degree, chosen so as to make 
% ¥,=9, y,=9; and comparing the derivates of this with and £Z,, 
increased by A, DE + 2, +, Df, and —}AD_E,, we find that 
must agree with — 15212* 4+ 8423 — 122 +A,21123, and with 
137923 — 842°. 
The first gives 
Yo = — 2921 + (— + § A)84 + (49987 — 
and the second, by help of the relation 23 = 23, gives y, = 1879 — 214A. 
Thus the desired source is of the form 
322) — 562) + 882) — 1442$ + 2522% — 46625 + 893 2% 
+ (6883 2) — 1812) + 62) + 823 + 102° + 14223 — 658125 + 137924) 
+ A(z} — 82) + 142) — 222° + 862° — 6325 + — 212i) 
As before, this involves two parameters, which must be determined by means 
of the two given curves. The values found are A = 1, « = — 11, so that the 


two given equations are derived from the source 


( l 


322) — 062) + 882) — 1442° + 2522' — 46625 + 8932° + 68925 — 1852° 
+ 1823 — 825 + 2825 + 22125 4 2787 112 = 0 
The equations in this example are 
BE... . . of degree 6, 
. . . of degree 5, 
. of degree 4, 
E* . of degree 3; 


the solution is characterized by the presence of two parameters in the source, so 
far as determined without reference to the particular curves, but there is now 
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the difference that on y one of these is in the terms of degree k; the first arbi- 
trary pa ‘ameter appears in connection with the suspension of the law of unit 
increase in the number of the equations obtained at the successive stages of the 
derivation. 


14. The general algebraic proof that if two equations have a common derivat 
they have a common source for two curves, depends on obtaining the equation of 
a source involving two arbitrary parameters. 

The two given equations of degree p — 1 can be reduced to the form 


—3 

in which the agreement of D, E, with D, F, is obvious. For if the second is 
given as 

+ + + bi at + 4...=0, 


the fact that the four derivates reduce to three shows that there is a linear re- 
lation which may be written 


\D_E,+ 4D, +" D, =9, 
that is, 
DAE, +E’) + (wb, 


thus if we take instead of the given equations these two linear combinations we 
have the desired form. Even if the given equations are specialized so that they 
yield only two derivates instead of three, they can be written in this form; the 
coefficients are now subject to the conditions obtained by expressing that the 
three equations 


+ + + + ° + = 0 (¢=@, 1, 9) 
are equivalent to two only, namely, the vanishing of the determinants 


@, b, b, bs Co° 


@, @,a,---@_, 5, b,---b ||. 


a,a,a,---a, 


| 
| 
| | 
| 

| 

| 

| 
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If (a, be written for a,z? + a,,,2/ + 4,, 


tions become 


+--+» +a,,,2", the given equa- 


E,, = (a, + (b, + PF + ---= 0. 


| 


Let the source to be found be written 
E = + + + + O- 


For the determination of the coefficients we have the equations obtained by ex- 
pressing the identity of the two derivates of /’ with the given equations, modified 
by the addition of multiples of lower derivates. These will give for (a), (8), 
(y), ete., values involving a certain number of arbitrary parameters. Inasmuch 
however as the source / may itself be modified in the same manner, its most 
general expression must involve a certain number of non-significant parameters. 
The terms (8, )’-', for instance, may be modified by the addition of B, Z, + B,L£,; 
to the B’s arbitrary values may be assigned ; we may, e. g., if we choose, make 
8, and Rvs =. The §’s, then, must involve in their expression two non- 
significant parameters ; and if they involve only two in all, both are non-signifi- 
cant, and the §’s are looked upon as absolutely determinate. 

The agreement of the two derivates of / with the given equations requires 
only that D, and D, £ shall be linear functions of #, and £,, that is, that 


D,E = DE=NE, 


Hence we must have 


=A a, 
a, =A,a, +A,a, (i=1,---,p—1), 
a, = + r, a,- 
The equations for A,, A; , A, are therefore 
A, + (A, — A, )a, —ArA,4a,,,=9 


where p is necessarily =4. Unless the determinants of the third order 


4, @, a, 
a, a, a, a, a,_, | 
|| @, @, @, a, a, | 


| 
| 
all vanish, these equations give 
AHA, 
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from which (a,)? = A, (a,)?, where the A, may of course be taken unity. In 
this case D, = D E= E,. 
If however these determinants do vanish, that is, if 


G54, = + 129; (i=1,---,p—1), 
the equations reduce to 
(A; — + (A, — A, — 7,A,) 4, = 0 


from which 
A, Ay = AL + 


Hence 


a, =A, 4, (i=0,--:, p), 


where A,, A, are arbitrary parameters, and sy is written for 7, a, +7,4,- 

Thus if the two given equations yield only two derivates the terms of highest 
degree in the source can be written A,(a,)” + A,(a,)?; this special case is 
considered in §19. In the general case the coefficients a are determined with- 
out ambiguity, and the source is 


E = (ay)? + + (1) =O. 


15. The next step in the comparison of the two derivates of # with Z, and 
E, shows that the §’s must satisfy 
B,=6,+,a, +r, a, + A, 4,, 
b,+A, +A, 4;,. b.+ + + (i=1,---, p—2), 


8 


p-l 


where the ’s and 2’’s are to be determined. The equations obtained from the 
double values for 8,, ---, B,_, give 


> (A, A, ) + (A; A,) = 0 (i=1, ---, p—2). 


Unless 
a, a, 
a, 4, 9 
a, 
a, a, a, 


| 

| 

| 
| 
| 
| 
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in which ease the four derivates of degree p — 3 reduce to three only) these 
L y 
equations give 


from which 
B,= b,+ +r, (¢=0, ---, p—1), 


where A,, A, are arbitrary. The (’s, however, involve two non-significant par- 
ameters, since, as already pointed out, the source may be modified by the addi- 
tion of LB, F, and B, £,; we may therefore choose X,, A, arbitrarily, for instance, 
A, = 0,A, = 90, values which have the advantage of simplifying the work, in- 
asmuch as no multiples of the three derivates of 2, and #, are now used. We 
have now 8, = 6,, etc., and the source is 


(a)? + + + = 0. 
The derivates of this, namely, 
+---28 (i=0, 1), 
are to agree with 
+ + * + + (i=0, 1), 
with the help of the four derivates of degree p — 3, 


 (i=0,1,2, 3); 
hence 


=%+ +A,4, +A,4,, 


(i=1,---, p—3), 


Then the equations for the \’s and X’’s are 


(A, A, ) 4, + (A; A,) 4; + (A, As) =0 


i+1 3 
(i=1,---, p—3); 
hence, unless 


a, 4, 
a, 4, 

a, a, 0, 
a, a, 

ad, a, a, 


we find 


| 


1=0, MHA, 

! 

M=0, N=A, Mer, A—O. 
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The expressions for the y’s involve therefore the three parameters A, , A,, A,3 
since however there must be three non-significant parameters, we may choose 
A, =0,A,=0,A,=0. Then y,=c,, = ¢,, ete., and the source is 

E (a, )? (b,)?- + (c,)?~ + etc. --- = 0. 


This argument is perfectly general; the coefficients in the terms of degree 
p —m are linearly expressed in terms of the quantities 


given by the equations 

+ (A, —r,)a;,+ (A; Ay) 
+ (An +2 ) Ante 

here there are m + 3 quantities to be determined by means of p — m — 1 equa- 


tions. Leaving the terms of degree k or k + 1 to be considered separately, we 
have p—m>k, and m <k — 2, consequently 


m+2? m+2? 


,=0 (i=1,---, p—m—1); 


itm+ 


p—m—1>k-1, m+2<k, 


that is, p—m —1=m-+8. Every combination of and is therefore 
zero. Hence, unless 


1] 

a, a, 

@a 


(that is, unless the m + 38 derivates of degree p — m — 2 reduce to m + 2 of this 
degree), the coefficients of the terms of degree p — m involve linearly parame- 
ters whose number, m + 1, is precisely the number of non-significant parame- 
ters that must enter into these coefficients; these may all be taken zero, with 
the result that the coefficients of the terms of degree » — m in the source are those 
immediately given by the terms of degree p — m — 1 in the two given equations. 

If now there is no reduction in the number of derivates at any stage, the 
scheme of equations is regular, and there are therefore k — 1 equations of degree 
k, by means of which the values of 2‘, 2‘; ---, zt are all expressed in terms of 
any two, e. g., of zi and zi. The terms of degree & in the source can then be 
written A,z* + A,z*, and as no information is given about A,, A, by compari- 
son with the derivates, since these terms disappear on derivation, these are two 
arbitrary parameters entering into the equation of the source, 


E = (ay)? + (by)? + + + + + = 
16. If there are & equations of degree £, so that z*, z‘, -- -,z* are all expressed 


in terms of any one, the scheme is not strictly regular, even though it be regular 


Trans. Am. Math. Soc. 16 
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up to this point. Inthiscase p= 2k—1. The terms of degree & in the source 
are now reducible to Az‘, involving only one parameter. But the equations for 


Tos Tis Thy are 


T A, a, + + A, 1 

7; =t,+A,4,+ ALG; k-1 =, + Aa; 1 +A, 
(¢=1,---, &), 

Riss =t+A,4, 


Hence we have for the \’s and \’’s the & equations: 


A, 4, 1+ (A, —A,)a;, a-2 — = (i=1,---,k), 


1 
involving the 2’s, ete.,in / + 1 combinations. By means of these equations the 
quantities \’ are expressed in terms of the / parameters A,, ---, A,. The terms 
(7,)**' in the source involve —1 non-significant parameters, since there are 
k — 1 derivates of degree k + 1, and accordingly there is one significant param- 
eter involved in these terms. As before, there are two arbitrary parameters in 


the equation of the seurce, which is now 
E = (a, + 1+ A, =0, 
where / is of degree k + 1. 
17. Partial agreement of the derivates.—At every stage in the determina- 


tion of the coefficients in the source the possibility of an exception presents itself. 


This exception depends on the existence of a relation among the a’s, by means 


of which the m + 3 derivates of degree p — m — 2 are reduced tom+2. Let 


the terms in the source be (p,)’-"; the agreement of and (p, )?~"—! 


with (7,)?~"—" and (r, gives the equations 
i=1,---,p—m—1), 


the ’s and 2’’s are therefore determined by p — m —1 equations of the usual 
type, 
A, + A; —A, )a,+---+ (A, 0 


in which the quantities appear in m + 3 combinations. But by hypothesis 


a = 7,4,,+ 0,4; + Fite (i=1,---, p—m—1); 


| 
| 
| 
SCC 
\ 
| 
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hence the equations for the \’s and \’’s assume the form 


(ti 


The m + 2 combinations of the ’s and X’’s here involved, equated to zero, 
leave the ’s arbitrary, the \’’s being expressed in terms of these. The p’s con- 
sequently involve m+ 2 arbitrary parameters. The number of non-significant 
parameters being m + 1, it is seen that one significant parameter appears in the 
terms of degree » — m in the source, in consequence of the reduction from m + 3 
to m + 2 of the number of derivates of degree p—m—2. If zero values be 
chosen for m + 1 parameters, e. g., for X,, X,, ---, A,,,,, the expressions for the 
p’s become 

P; = + AQ, (t=0,---, p—m), 


where , is written for 7, + ,4,_,, + and for » 


Now the relations connecting the a’s, namely, 


m+2 


a, a / 


1 p-—m-2 
@ 
= (0, 
a, 


prove only that the highest terms can be eliminated from the derivates of degree 
p—m—2. If these same relations hold for the 6’s, c’s, ete., then denoting the 
derivates by D,, D,, ---, D we have 


and the set of equations has become stationary. If however these relations do 
not hold for every set of coefficients (b), (c), ---, then for D_,.. is substituted 
the equation of lower degree 


D, + n, D, + )= 


1 

If the b’s are not subject to the relations, the degree of this equation is 
p—m—3; if the b’s are subject, but the c’s not, the degree is p—m—4, 
and so on. Let this depressed equation be denoted by 


and let this be inserted at the end of the derivates of degree p —m—2. The 
equations so far as now required are represented in the accompanying table, in 
which the degree of the terms in any column is given at the head of the column. 


| 
| 
| 
| 
| 
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p—m p—m—1 p—m—2 p—m—3 p—m—4 
Source. +(7,) +(€&) | 


+(%) + (8,) + (t,) + (x, ) 
+ (7%) + (8,) + (4) + (x,) 


Given equations. 


Derivates 


of degree p— m —1, (4,) + + (¢, 
(4,, +1 ) + 1) + (¢,.4 1) + (4.1) + 


) +@) 


Derivates 
reduced to m + 2 (a,.,)+ 


in number. 


(4) + (d,) 
(a...) + (bn) | 
(4..2) + (B42) 


Derivates 
of degree p—m—3. 


(4) | 
Derivates °° 
of degree p—m — 4. 
ee 
(A,,, 
(Ass) 
| 
For the determination of the coefficients ¢, which must involve in their ex- 
pression m + 2 non-significant parameters, we haye the equations 
Now 


=A {5,4 (7, 5, + b, 


| 
4 
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Hence the equations for «, «’ are 


that is, 
(i=1,---,p—m—2). 


Here every combination of «’s and «’’s must be zero, as also the expressions 
on the right, on account of the number of the equations. Consequently unless 
every A is zero, in which case the equation of depressed degree does not appear 
at this stage, we must have XA=0. Thus the significant parameter in the terms 
(p,)?-” turns out to be deceptive; its value is now assigned, so that the p’s are 
determinate, and the work proceeds as in the general case. The m + 2 arbi- 
trary parameters, «,,---,«,.,, are all non-significant, and can conveniently be 
taken to be zero, and the o’s are consequently determinate. 
If however every A is zero, the equation substituted for D., takes its 
J m+3 
proper place among the derivates of degree p—m—4. (In the table just 
given the line (A,,,)?-"-*+(B,,,)”-"*+.--- in the derivates of degree 
p—m-—8 and the line (A,,,)’-"-* + --- in those of degree p — m — 4 are 
to be struck out.) The equations for 7 are 
Here 
, , 
= f 
— (Me + 12% + + 


m+2° 
Consequently the v’s are determined by the set of equations 
(t=1,--+,p—m-—3), 
that is, by the set of equations 


¢ 

| 

(t=1, ---, p—m—?2), 

| 

A 

* 
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Precisely as before, unless every A = 0, it follows that X = 0; the parameter 
X is only temporary. The 7’s contain only non-significant parameters in any case, 
and the work proceeds exactly as before, the first derivates whose multipliers are 
not zero being those of the degree where the dropped one reappears. The partial 
agreement of derivates may occur again and again, but this causes no complica- 
tion; each temporary parameter which presents itself when the law of unit 
increase is interrupted bas its value determined when this law again comes into 
operation. Thus we have the result that partial agreement of the derivates of 
any degree produces no effect on the parameters in the source, while absolute 
agreement, the equations having become a stationary set, is expressed by the 
occurrence of a single parameter in the terms of degree p — m, where the natural 
derivates of degree p — m — 2 are subject to a relation by which their number 


is diminished by unity. 


18. Stationary set-—The equations for this case are the same as those of the 


table given above, with the omission of the lines 


ete. The equations for a, already given, lead to the equations for «, «’ , these 


2? 


mrs 


giving every «’ in terms of «’s, so that there are m + 2 parameters, «,, ---, « 
all non-significant. Hence the o’s are determinate. In like manner the 7’s, 
and all succeeding sets of coefficients, are determinate ; the source involves pre- 
cisely the one parameter » before we arrive at the terms of degree k. Since we 
are dealing with equations which have become stationary, there are & equations 
of degree /, by means of which the terms of degree & in the source can be reduced 


to A,z*. The source is therefore 
4. 
A, £44 
an equation which involves two parameters, as before. 
19. One case remains for investigation, that in which the two given equations 
yield only two derivates of the next lower degree. This requires that 
= + 124; (i=1,---,p—1). 


It has been shown (§ 14) that if a, ,, be written for 7,a,_, + ,a,, the terms 
(a, in the source are A, (a,)” + A,(a,)?. Hence 


D#= £,4+),£,, 
where 
£,= (a,)? n, £, + n, £,. 


Consequently 
D,E = ,0, E, + (A, + = 


| | 

| 

| 

| 

| 

| 

| 


—= 
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The equations for 8 are therefore 
B, =, 5, + A, 6, + + 
Hence 


Ka) +> (x, — 


=, (b,,, —7,5,_, — (i=1, ---, p—2). 
Since a,,, = 7,4,_, + 7,4,, the equations become, on writing 
A,,, = — 1,5, — 
— + — — =A, (i p—2). 


Consequently unless every A = 0, that is, unless the 6’s are subject to the 
same relation as the a’s, we have A, = 0. That is to say, if the three derivates 
of the given equations are equivalent to two of degree p — 2 and one of the 
next lower degree, the terms of degree p in the source reduce to (a,)”. If how- 
ever the b’s are subject to this relation, we have A= 0. In either case, «; and 
«, are expressed in terms of «, and «,; the §’s involve two parameters, both 
non-significant, and therefore zero if we choose. Precisely the same argument 
applies to the following sets of terms; and we obtain the result that if 

D, BE, DE, n, DE, 
is of degree lower than p — 2, the parameter in the terms (a,)” has its value 
determined ultimately, so that the source is not affected by this partial agree- 
ment; while if this combination of the derivates vanishes, so that the two given 
equations yield precisely two derivates (as a necessary consequence of which 
there are only two derivates of any degree), the source is 


A, f(a)? +--+} HA, {(a,)? +--+} + terms in (27, 27, 23) = 0. 


Since there are two equations of degree two, the ratios z* : z? : z} are known ; 
consequently the source is 


+ A, seo} + = 0, 


and the two parameters are present as in the other cases. 


20. The results obtained are that the general source of degree p involves in its 
equation two arbitrary parameters. The source can be written as 
A, E? + A, A, £*=0, 
where 


(i) gq=k, (ii) p>q>k, (iii) k=2. 


| 

| 

| 

| 

| 

| 
| 
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If now the source is to relate to two given curves, w, v, for which the two 
given equations and all their derivates are satisfied, this supplies two equations 
for the determination of A,: A,: A,. It is conceivable that for special curves 
there may not be a nnique determination of these parameters; but as regards 
cases (i) and (ii) this cannot happen unless the curves are chosen so as to satisfy 
an equation of degree =p — 1, not included among those given. For in case 
(i), if there is still an undetermined parameter, the source 


A, A, = 90 
becomes 


A, + BE*=0, 


showing that there is an additional equation of degree k, E* = 0, not obtain- 
able from the derivates of the two given equations. Similarly in case (ii) there 
is an additional equation of degree g =p — 1, which is not included among those 
given, though its derivates are included. For the arbitrary parameter which 
presents itself in the determination of the coefficients p is the multiplier of an 
expression 


+1"p—m 


whose two derivates are (a,,,)?-""' + + ---. Of these, the 
first is the last of the m + 2 derivates of degree p — m — 1, while in virtue of the 
relations connecting the a’s, the second is linearly expressible in terms of the 
last two of these m + 2 derivates. Hence all the derivates of AZ’ + BE*’=0 
are members of the given system. This new equation is of degree g =p —m, 
while the reduction in the number of derivates occurs at degreeg —2. As the 
reduced number is /, there are k derivates of degree q —1; beginning with 
these, the set of & equations is stationary. Now astationary set may be derived 
from k — 1 equations; but it may be derived from & equations, in which case 
the set has become stationary one stage earlier. Thus such a set of equations 


as that indicated in the diagram by the * may have to be completed, for 
particular curves, by the equations o o o, and again by o o a; but these 


do not arise from the two given equations. 


Oo Oa 
* Oo 


Two given equations => *« 


degree q * * * 


SSS | 

| 

| 
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In both these cases there is strictly only one source of degree p, arising from 
the given equations. But case (iii) is different. The source is now 


A, FE? 


If the two given curves fail to determine the parameters uniquely, there are two 
distinct sources of degree p. The explanation is simple enough. The set is 
stationary, including the two given equations. It may arise from one equation; 
but it may also arise from two equations, just as a stationary set of k equations 
may arise from 4 — 1 equations or from k equations. 


21. In a similar manner can be proved the generalized theorem of ascent : 

If m equations of degree p yield not more than m + 1 derivates of degree p—1, 
they arise from not less than im — 1 equations of degree p +1. 

Comparing the two derivates of an assumed source 


(a,)?*' + (B,)? 


with general linear functions of the given equations, and modifying the resulting 
equations by means of relations arising from the fact that the 2m derivates of 
the given equations reduce to m + 1, we find that the a’s involve m — 1 arbi- 
trary parameters. Assigning any values to these we find that the source is 
determinate when the values of two parameters in later terms are obtained by 
means of two given curves. The theorem follows also from the application 
about to be made of the simple theorem of ascent. 


22. Proof of Theorem (1).—By means of the theorem of ascent, it can be shown 
that any two curves determine a one-set system of equations, For this we start 


with the equations of degree & and & + 1, whose numbers are known to be 
(i) kK—1 and k—2, (ii) and (iii) and k. 


The equations of degree k + 1 have those of degree & for derivates; hence 
one of two cases must occur. Either (1) they can be written so that any two 
successive ones have a common derivate, or (2) they fall into distinct sets, each 
set giving rise to a part of the derivates of degree &. This last case will be 
considered separately, and then it will be shown that it does not differ essentially 
from the first case. 

In the first case, by hypothesis, the equations can be written so as to have 
common derivates ; we can therefore ascend step by step, obtaining in general 
one equation fewer of the next rank, and so on. In (iii) the whole set is sta- 


| 
| 
| 

| 

| 

| 

| 

| 

| 
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tionary to begin with; the theorem of ascent, applied to the equations in pairs, 
shows at once that the number of equations of degree / + 2 will be either £ — 1 
or k. 

In every event, having arrived at A equations of degree g, we can ascend to 
their sources of degree g + 1, obtaining either 2 or h —1 of these. Hence one 
of two results is inevitable; we arrive finally at a single equation, or else we 
arrive at a minimum number, /, from which we can ascend indefinitely, obtain- 
ing A equations of every higher degree. This however is impossible, for it is 
shown in § 28 that the number of points of intersection of two curves, falling 
at the origin, is at least as great as* the number of the equations due to their 
behavior at the origin. 

No equations can exist except those here determined ; for since their derivates 
must be satisfied, those of degree / + 1 and & are included among the equations 
used as a starting point for the process of ascent; and the investigations com- 
prised in the proof of the theorem of ascent show that we have obtained every 


possible source. 


23. It has now to be shown that case (2), when the equations break up into 
sets, does not differ materially from case (1). Suppose, for the sake of gener- 
ality, that this occurs at degree g; that is, it is to be supposed that m, equations 
of degree q give m, of degree g—1 as derivates, while the remaining m, of 
degree q give the remaining m, of degree g—1. If this can happen, the 
process of ascent applied to each set separately proves the existence of a prime 
equation for each set. Now if the derivates of degree 4, of these two sets, were 
not entirely independent, the ordinary process of ascent would apply, leading 
ultimately to one source. Hence the only case to be considered is that where 
the separation makes itself felt at the very outset, in the equations of degrees & 
and&+1. It has been shown that the number of equations of degree k + 1 
cannot fall short of the number of degree / by more than unity; hence one at 
least of the two sets into which the equations break up must be stationary. All 
that has to be proved, in order to establish the applicability of the process of the 
last section, is that the equations belonging to the two separate sets do not form 
the complete system, that additional equations result from the combination of 
the two sets. 

Of the equations of degree £, in number & —1, let m result from the sta- 
tionary set, g from the progressive set. Let the number of equations in the 
stationary set, obtained from this alone, be m at degree p,m—1 at degree 


* As shown in §29, these numbers are as a matter of fact equal; but the proof of their 
equality makes use of the result of the present section, while the proof of the property here 
stated does not. 


| 

| 
| 
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p+1. There may be equations of the remaining set at this degree (fig. 1), or 
there may not (fig. 2). 


* % Oo = 

* * * 000 degree p 

** ** * OOOOO * * O 

** ** * * * * * * OO 

28#O000000 * * * * * O00 
Fig. 1. Fia. 2. 


It is sufficient to prove that there exists another equation of degree p + 1, not 
resulting from either set alone. 
If the source of the stationary set be written 


(a,)? + (b,)°* + (¢,)? +---=9, 
the m — 1 equations of degree p + 1 are obtained in the form 
(a,)?*" + (b,)? + + (A, + + = 0 (i =0, ---, m—2). 


The reduction of the m + 1 derivates of the degree p — 1 to m depends on 
the vanishing of the determinants 


a, 4, a, h, h 
a, 4, a, ¢, h, 


or, in the form here required, on the existence of linear relations 


m m 


= 7,4, + 7,4 


m? 


h, + + Ns hi+2 + + De, 


It is to be noted that a’s, b’s, ---, h’s can be built up with any suffix by this 
law of formation. 

The proof of the existence of another equation of degree p + 1 is most easily 
followed by reference to the accompanying table, in which the accented letters 
refer to the progressive set, whose source is 


(a, )" + + 0. 


¢ 
| 
| 
| 
| 
| 
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pt+1 p p—2 k+2 k+1 k 
(4) +() + +A) + 


(4) +) +) 


+ (bys) + (Cua) + (d,,-) + 


(@,-2) + (0,2) +(-2) + (d,-2) + 


+ G2) + 


+(h,) +) 


+ (has) + Gn—2) + 


+ (Ay) +) 
+ +71) +) 


+(6,) + 


(a,,_,) + (6,_,) + (¢,.-1) + 
+(e) + 


+ + + 
+ (5, ) 


(2,1) + 6... )+ 
(a,) + 


(a) + 


+ (9) +(A) + (A) 


(Gn—1) + + 
+(%) 


+ (9,1) + + 
+(9,) + (Ay) 


+ 
+(9,) +(Ay) 


+(g,) + 


(a,) + (4) 


(a,_,)+ (6, _,) 


... 
(a’_,) + (b's) | 
(4, ) 4 
(a,_) 
(a, ) 
(a’_,) | 
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If the general equation of degree p + 1 be written in the form 
(a)?*" + (B)? + (y)?" +--- ete. = 0, 


comparison of its derivates with linear functions of the given equations, carried 
so far as to include the terms of degree / + 1 in these, at once suggests the 
possibility of a source S = 0, in addition to those given in the table, where 


S = + (G1)? + + + (Aa 


The -J’s in this cannot be put equal to the j’s of the given equation ; if they 
could, the source would be derived from the stationary set alone, contrary to the 
hypothesis that there are only m — 1 equations of degree p + 1 belonging to this 
set. (The impossibility of determining the /’s in this manner arises algebraically 
from the fact that the j’s are not subject to the linear relations that prevail for 
the a’s, b’s, ete.) 

Since the two derivates of S must be expressible in terms of the given equa- 
tions of degree p and their derivates, it is at once evident that D_ S must agree 
with #?_,, and that 

DS 


+ 2, BY ’ 
each modified by linear multiples of the equations of degree k. Let J’ be 
written for , j, + then the equations to be satisfied 
are those derived from 
= + A(a, y + r'(a, 


These are 


=j +2 A, a, + DA, 

=Jn + r, a, + DA, a, + % a, 


Here there are m 2’s and p’s, and g and w’’s, wherem+q=hk—1. The 
double values for J, ---, J. 


r-xp Yield & equations of the type 


+ pia, + — + — Na t+ J) —j, = 0. 


m 


| 

| 
| 
| 
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In these there are m + ¢ + 1(=4:) combinations of the unknown quantities; 
and since the absolute terms in these / equations are not zero we obtain for each 
of these combinations a determinate value, in general different from zero. These 
leave the m 2’s arbitrary, as also A}, ---, , the m and 
being expressed in terms of these; but they assign to X’ and yu; definite numer- 
ical values, which it will be shown immediately are in general different from 
zero. The m X’s and g—1 appearing in the general values for (J, )**' 
are non-significant ; they simply allow for the modification of the source by mul- 
tiples of the equations of degree + 1; if these be taken to be zero, and L, 
M be written for the J’s become 


+ La‘ _, 
+ £4, + Ma, (i=0,---,k—1), 
J = J’ 


mk 


Hence the source is 


= + + + GP" + + (Kk), 


where the coefficients in (A), equivalent to two independent ones, are to be de- 
termined by means of the two given curves. (The j ,,, ete., denote definite nu- 
merical quantities which present themselves in the solution of the equations in such 
a manner that these names are the obvious ones for them.) The component 
L (a, _, )**' in this source indicates that it is derived from the two sets together ; 
the vanishing of Z would mean that the source belongs to the one set, which is 
contrary to the hypothesis. Thus it is seen that the separation of the equations 
into sets at the foundation does not indicate any permanent cleavage : the sets 
ave connected by this equation of degree pp +1. It may be noted that 
D,S = D 


4 
q 


where indicates the equation (a’_, + (6/_,)* = 0 of the second set. This 
shows that we are in a position to continue the pfocess of ascent. 

While this is all that is necessary for the proof of the applicability of the 
theorem of ascent, the form of the complete result is of interest. I have not 
worked it out to the end, but a few steps make the general law perfectly plain. 
Let be written for (a, + + --- + (j,)***; the additional equa- 
tion of degree p + 1 has been shown to differ from /'’*! at the terms of degree 
k +1 by a multiple of Bo, there are two extra equations of degree p + 2 
which differ from #?*? and £*? at the terms of degree k + 2 by multiples of 


yrk+2 yrk+2 2 
Mig 


, and expressions of lower degree ; three extra equations of degree 


»+3 which differ from #’*', and £’** by multiples of 
m—2 1 q-3 q-2 


Ff’, and lower expressions, and so on, until finally the source of the second 


| 
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yiqrk 

set, 

degree, from whose m + 1 derivates the source F’;*"" results by elimination of 


, makes its appearance. There are still m equations of the next higher 


the highest terms, namely, those with coefficients a to h included. After this, 
the equations diminish in number by unity at every stage. (See § 10.) 

The very slight modifications required when the second set becomes stationary 
at or before the degree /, in which case m + q is equal to & instead of / —1, 
do not interfere with this conclusion ; nor does the breaking up of the stationary 
set further —the different sets can be compounded in turn. 


24. It has now been shown that the equations obtained by the process of 
ascent do not break away into sets; they form one system, and lead to one 
equation of some finite degree p, which is the prime equation for the base-point 
determined by the two curves. As all the equations due to the nature of the 
curves at the origin are included in the system, it follows that the base-point 
determined by the two curves is a one-set point. We have now proved the 

THEOREM: fwo curves satisfy precisely one prime equation, 
which is the first theorem of § (2). 

If two or more sources are given for two curves, then by means of this theorem 
it is seen that they and their derivates can be exhibited as component parts of a 
more extensive system, arising from the one prime equation that is satisfied by 
the two curves; and if an expression / and all its derivates vanish, then /’ is 
either the prime equation itself, or one of its derivates. The system derived 


from £ is either a part or the whole of the one-set system. 


25. Proof of Theorem (2)—The results already obtained enable us to find the 
equations satisfied by more than two curves. Suppose that m+ 1 equations of 
degree p have been found satisfied by h + 2 curves, and that the process of 
ascent for two of the curves yields m equations of degree p: the complete 
system satisfied by the two is 


mm 


1, +0, + +A, = 9. 
Imposing on the X’s the conditions afforded by the remaining / curves, namely, 
r, + a, 0 (¢é=1, ---, &). 


we shall obtain the system satisfied by the h + 2 curves. If h <m, this is 


1) 
l h £ +1 + E m 


EO ... 
2 h 


E® BON, BO EO 


| 
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Ilence if m > h, there are m — h independent equations of degree p + 1; that 
is, if the number of equations is not less than the number of curves, we can 
ascend to a smaller number. 

But this smaller number will not suffice unless its derivates, whose number 
vannot exceed 2(m — h), yield all the m+ 1 equations. We must have there- 
fore, 

2(m—h)=m+1, thatis, m—A=A+1. 


The test is, therefore, that the number of equations of degree p+ 1 shall be 
not less thanh +1. 

If the equations of degree p + 1 are not so many as m + 1, they do not form 
the complete system, and a certain number of those of degree p must be given 
independently. Inasmuch as there are at most 2 (m — h) equations of degree p 
derived from those of degree p + 1, there must be given independently at least 
m + 1—2(m—h) of degree p; hence the system of equations contains at least 
m—h+m+1—2(m—h), thatis,h+1. Thus with) + 2 curves to attend 
to, we can ascend to h + 1 equations, but no further; and we have the 

THEOREM: ¢ + 1 independent curves satisfy precisely t prime equations, 
which is the second theorem of § 2. 

To find the equations for given curves, the process of ascent seems simplest. 
It is most conveniently applied to two of the curves in the first place, after which 
linear functions of the equations obtained must be chosen so as to be satisfied 
by the remaining curves. 


Ill. The number of intersections of two curves at the origin. 


26. The proof that the number of points of intersections of two curves at a 
common point is the same as the number of equations contained in the one-set 
system proper to the point depends on a particular arrangement of the equa- 
tions. It must be noticed in the first place that in the prime equation no coeffi- 
cients 2’ of the highest degree need be considered to be absent, for this can be 
obviated by a change of axes if necessary. " 


In the diagram in which the x-derivates are arranged in vertical lines, namely, 


let be replaced by + + M,E£? +..--, the multipliers being 


chosen so as to remove every z,; thus /’} 


| as modified contains terms 


| 

E 

Ei 

| 

| 
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When all the members of the column are treated in a similar manner, the same 
modification is produced ; moreover, the relation of each member to the one above 
remains unaltered, it is still the a-derivate. Similarly, let “2 be replaced by an 
expression containing no terms z,, z,, and soon. If it should happen that not 
only every z,, but also every z,, disappears from /’!, this must be taken as the 
head of the third column, and its y-derivate as head of the second column, with 
similar modifications in the arrangement if other z’s disappear. If every z dis- 
appears when any / of degree / is modified with a view to eliminating a par- 
ticular z", the resulting equation is of lower degree, but this does not affect the 
arrangement of columns. Since the equations of degree /; — 1 reduce to 


0, = 0, -- 0, 


0 “9 
it follows that every one of the first & suffixes is represented by a column; the 
diagram now consists of & columns, not necessarily arranged according to height, 
whose bases are the equations 


where (z, )‘~' is written for a linear function of z‘~"’s, with no suffix below /. 
There are also to be taken into account the equations expressing that every z 
with an index <s—1 vanishes; when these are arranged below the others, 
according to their suffixes, the diagram represents all the equations belonging 


to the base-point. The numbers of equations in the columns are 
Pot 1s Pys P2—1s p,— (8 —1), p,_, — (A 2), 


where the degree of the leading equation of any column is denoted by p with 
the proper suffix. 
Figs. (1) and (2) illustrate possible forms with p, = 10,4 = 5. 


degree 10 * degree 10 « 
* * * 
* * 
+ * * 
+ 
degree4 * * * * degree 4 * 
1. 2. 


Trans. Am. Math. Soc. 17 


| 
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27. If an equation and all its derivates are satisfied, it is known that the 
equation is a member of the one-set system. For the recognition of this, how- 
ever, it is not necessary that the fact be stated for all the derivates. Jf an 
expression and its first k y-derivates EZ, +--+, as well as all the 
derivates of these, vanish for two curves that have at the origin a multiple point of 
order k, then all the derivates of E vanish, so that FE is a member of the one-set 
system proper to the point. The proof of this depends on showing that the 
equations are not independent. If at every degree the w-derivates of the k + 1 
equations |, #* are independent, they lead to / + 1 equations 
of degree /, which determine the order of the multiple point as / + 1 instead of 
k. Hence the «-derivates are not independent at every degree. But if a 
linear relation connects the x-derivates of degree h, and the equations of degree 
h +1 are combined as indicated by this same linear relation, the only 2’s 
remaining will be 2/+}, 2), zi-|}, ete. This gives a relation in coefficients of 
powers of y only, which can be avoided by taking axes with no specialized rela- 
tion to the curve. Hence we see that the 4+ 1 equations of degree p, where 
p is equal to the degree of Z;, cannot be independent; they must reduce to 
k by means of a linear relation. If now this relation does not involve £%, 


let it involve no beyond then 


But since = D this may be written 


h 


this shows that from ---, all 2’s except 2”, +++, ete. can 
be eliminated, a particular case which as we have seen can be avoided. Con- 
sequently the relation connecting the derivates of degree p does involve £’/; it 


gives therefore 


=a linear function of 
Hence 
D_ E* =a linear function of the y-derivates of 


= a linear function of the x-derivates of 


= 0, by hypothesis. 


Since the «-derivates of are given equal to zero, we now 
know that all the derivates of degree » —1 are zero. The same argument ap- 
plies to the next line of derivates, and so on. Hence the given expression /’ 
and all its derivates vanish, so that the system / forms a part, or even the 
whole, of the one-set system proper to the base-point determined by the two 


curves. 
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28. Proof of Theorem (3).—To determine the number of intersections at the 
origin of two curves w, v of orders 1, m, where 
v= + bi + + + 1 | + 
let the equation of either curve w, arranged by powers of y, be 


where 
w, + ght" 1 + 
= aX + a! oh 2 + 
ete. 
Then any w, is w, with a written for z, and any v, is w, with d written for 
z. Also w,_, = D_w,. 


Let y be eliminated from the equations u = 0, v = 0, then the Jm values of 
x corresponding to the points of intersection are to be found by solving the 


equation 
U4, u, 
u, mrows U_, 
=Q. 
Vy v, 
OF rows Un 


It is to be determined how many zero roots are present, that is, what power of 
x is a factor in this determinant. We shall find that the elements of each row 
an be combined so as to eliminate the lower powers of only with the help of 
the equations of the one-set system. 
Any expression linear in the z’s with any one index, such as 
is the coefficient of x” in 


w, + + + w,3 
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if however X12 = 0, this set of terms is, more simply, the coefficient of «?~' in 


In general, 
PoP 
is the coefficient of #’~* in 


Hence the terms given by a more general expression /’”, namely 
5 
< 
form the coefficient of in 


that is, in 
or, say, in S= X.w,+ 
The coefficient of the next lower power of x in this expression S is obtained 
by taking one step to the eft in every w; this replaces 2” by z’~', that is, by 
its x-derivate. Hence the coefficient of x’~*-'= D - coefficient of x’~*, and so 
on. If then #’ = 0 is an equation of the one-set system, not only is the co- 
efficient of 2’~* in S zero, but also the coefficient of every lower power of «x. 
Hence x’~**' is the lowest power of x that is present in this combination of w’s. 


If now the columns of the determinant are multiplied by the expressions thus 
indicated, namely, the (s + 1)-th by Y, (which, it is to be noted, does not con- 
tain » as a factor), the (s + 2)-th by Y__,, ete., the (s + 1)-th column can be 
replaced by 

Au +X, + 


Xu_,+X..u, 


X,v, + t | 
A, + A, + x, 
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As regards the w-rows and v-rows separately, each row is the y-derivate of 
the row immediately above it; hence if the coefficient of a vanishes in the first 
row, it vanishes in all following rows, that is, the lowest power of » that is present 
in the first row is a factor in every member of the column. Thus by means of 
the equation of degree p that heads the (s + 1)-th column of the particular ar- 
rangement of the equations given in § 26 we can make x’~**' a factor in the 
(s + 1)-th column of the determinant, and this is the highest power of « that 
can be obtained as a factor in this column in this manner. Since _Y, does not 
contain «x as a factor, no irrelevant powers of # have been introduced in the 
process. Consequently we obtain, in the first £ columns of the determinant, 
powers of x with exponents p — (s — 1), that is, with exponents 


Pot ls Prs (A 2); 
« presents itself therefore as a factor with the exponent 
(p, +1) + p, + (p,—1)+ + (p,_,—8— 2) 


which is the total number of eguations in the system. Hence the number of 


intersections is at least as great as the number of equations in the one-set system. 


29. It has still to be shown that no higher power of x is present as a factor. 
Returning to the original determinant, let the columns be combined so as to re- 
place the (s + 1)-th by 

A,u, 


X,u,_,+ X,,,u, 


s—l 


A,v, +X,.,04, t+ °°: 

Xv, + 
where the Y’s are expressions in 2, about which nothing is known except that 
X, does not contain » as a factor. Then if «‘*' is a factor in every member of 
the column, it is a factor in the determinant. In every member of the column 
the coefficient of x is zero, as also the coefficient of every lower power of «. 
Now forming the expression + X,,, w,,, + ---, and denoting the coefficient 
of x‘ in this by /, we see that the coefficient of x'~' is D, £, and so on; we 
see moreover that the coefficient of «in X,w,_, + X,.,w, +--+ is D, E, and 
soon. If then «‘*! is a factor in the first k + 1 w-rows, and in the first k + 1 
v-rows, it follows that for the two curves w, v the expression /, with i succes- 
sive y-derivates, and all their «-derivates, are zero. Consequently, by the the- 
orem of § 27, # is a member of the system proper to the base-point determined 
by these two curves. This argument does not apply, however, if the expression 


| 
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E has no x-derivates; that is, if involves only zi, zit?,.--. In this 
ease the combination of w’s obviously begins with w, or a later one; to make 
even a single x a factor in such a combination, it is necessary that there be 


values of A,, A,, --- satisfying the equations 
oh + + + 0, 


for both uw and v. In other words, there must be quantities A,, ,, --- that sat- 
isfy the m equations obtained from these by writing a for z, and the / equations 
obtained by writing 4 for z. 

Again, writing « = 0 in the equations w = 0, v = 0, and dividing by y*, we 
obtain the points other than the origin where these two curves meet the axis of 
y, by means of the two equations 


+ bitty + + = 0. 


The condition that these two equations have a common root is the vanishing of 
the determinant 


k+2 
a, a, a, a 
l 
a, l a, a 
m—k rows 
k k+l k+2 m 
— 
§ 
i—k rows 


which is precisely the condition that the m — k equations 


ete. 
and the 7 — & equations (II) 


bi + A, +A, = 9, 


| 


r, bi + r, bi 


ete. 


| 
| 
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be consistent. But these equations (II) are a part of equations (I); if then 
equations (I) hold, that is, if # is a factor in the combination, equations (I) 
show that this is due to the fact that the two curves have a point of intersection 
on the axis of y, but distinct from the origin. This depends on a specialized 
choice of axes, and can be avoided. It is the only way in which a power of «x 
‘an present itself as a factor without the help of the equations of the one-set 
system; hence the number of intersections at the origin is that found in § 28, 
which completes the proof of the 

THEOREM: the number of intersections of two curves at the origin is equal to 


the number of equations in the one-set system. 


30. In applying the theory to particular curves, one point worthy of notice is 
that the degree of the prime equation may be higher than the order of either 
eurve by which it is determined. This is natural, inasmuch as the equations 
relate not only to the given curves uw, v, but to every curve of the system 
Xu + ¥Yv. From another point of view, the degree of the prime equation 
simply tells to what order of small quantities the branches through the origin 
are specified, and this has no connection with the order of the curve. The equa- 
tions, regarded as imposing conditions on curves of order x, n <p, are subject 
to mutilation, since all z’s for which the index is greater than » are now zero. 
But these missing terms must be supplied in any general application of the the- 
ory. For instance, the cubies 


a? + xy — ay” = 0) 


have nine-point contact at the origin. The prime equation, of degree 8, and 
its x-derivates, are 


Et 

== 2? +z! 


| 

E'=2'= 0, 

| = = 0 
+ 
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The y-derivates are linear functions of these; hence the single column of equations 
gives the complete set. Now as applied to the cubic these equations reduce to 


4 227-22 42i=0, 
— 2? + 222 + =, 

2; = 0, 


and these mutilated equations are equivalent to eight only, on account of the re- 
lation — which does not hold for the proper equations. 
Nevertheless the one-set system of equations contains nine members, even when 
applied to the cubic; strictly the order of the curve is irrelevant, since the equa- 
tions relate to the system Yu + Jv, for which this reduction in number does 


not take place. 


31. A remark in Dr. MacauLay’s second paper may properly be noted here. 
He points out that the equations can be arranged in such an order that stopping 
at any point, we have the equations of a base point. All that is necessary for 
this is that no one of the equations shall appear before any of its own derivates. 
If we break off at any point in the series we thus have a number of sources with 
all their derivates; that is, the equations proper to a certain ¢-set point, con- 
tained in the given one-set point. 


Conclusion. 


32. In conclusion, a few remarks of a general character may not be out of place. 
The fundamental idea of the theory, namely, that the equations can be dealt 


‘with as derivates of a comparatively small number, seems to be of real impor- 


tance. In these pages I have dwelt on certain aspects of the question, hoping to 
attract other minds to it; for while I believe that the somewhat lengthy presen- 
tation here made may possibly be much simplified, yet I confess [ cannot see in 
what direction. The ideas involved are simple and direct, even if their develop- 
ment be somewhat tedious. It seems that more may be done by the direct dis- 
cussion of the equations, here attempted, than by the ingenious but artificial 
processes of the original memoirs. 

One question as to which there is scope for investigation relates to the geo- 
metrical interpretation, not only of the individual equations (which is to some 
extent answered in $31), but of the diagram by which the whole set is repre- 


| 

| | 

| 

| 


1902] THE INTERSECTIONS OF PLANE CURVES 263 


sented. It has been shown that the equations arranged as in $10 present one 
of the following appearances 


* 
> 
* 
* 


* * K * 

* * * * * * * 


where (3) may have any number of steps, each accounted for as in $10. Figures 
(1) and (2) are easily interpreted. If the curves have each a i-point, with no 
contacts, the scheme of equations is of the simple form (1); the prime equation 
is of degree 2(k —1). If one curve has a k-point, and the other an h-point, 
where > k, and there is no contact (the simple case when NOETHER’s theorem 
is in question) the diagram is of the form (2). This may also be looked upon 
as representing two curves each with a k-point, and with contact of a certain 
kind. The prime equation is of degree h+h—2. This set gives for the 
number of intersections the sum of /& terms 


h+k—1, h+k—3, h+k—5, ---, thatis, hk. (See $26.) 


As to (3), most probably the vertical boundaries on the right indicate contacts 
of some of the branches of the two curves, the number of branches involved 
being shown by the breadth of the section of the figure. This point appears to 
be well worth investigation ; it looks very much as though the form of the dia- 
gram might turn out to be a complete indication of the relation of the two curves 
to one another. Whether the idea will be of any use in the investigation of 
compound singularities appears doubtful, since the conditions for superlinear 
branches do not involve the coefficients linearly, and one would hesitate to under- 
take the discussion of the theory even of quadratic prime and derived equations. 


BRYN MAWR COLLEGE, PENNSYLVANIA. 
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A COMPLETE SET OF POSTULATES FOR THE THEORY OF 


ABSOLUTE CONTINUOUS MAGNITUDE" 


BY 
EDWARD V. HUNTINGTON 


The following paper presents a complete set of postulates or primitive propo- 
sitions from which the mathematical theory of absolute continuous magnitude 
can be deduced. 

The fundamental concept involved is that of a rule of combination according 
to which any two objects of a given assemblage, in a definite order, determine a 
third object which itself belongs to the assemblage. (The same idea is the fun- 
damental concept in the definition of a group.) 

The rule of combination here considered is one upon which six fundamental 
restrictions are imposed, these requirements being expressed in the postulates + 
1 to 6. 

The object of the work which follows is to show that these six postulates form 
a complete set ; that is, they are (1) consistent, (11) sufficient, (111) independent 
(or irreducible). By these three terms we mean: (1) there is at least one assem- 
blage in which the chosen rule of combination satisfies all the six requirements ; 
(IL) there is essentially on/y one such assemblage possible; (III) none of the 
six postulates is a consequence of the other five. 

This being shown (theorems I, II, III), the postulates 1-6 may be said to 
define a single assemblage, which we shall call the system of absolute continu- 
ous magnitude. The rule of combination may then be called addition. 

From another point of view, the propositions 1-6 may be accepted as ex- 
pressing in precise mathematical form the essential characteristics of magnitude 
in the popular sense of the word; from this point of view they may properly 
be called the avioms + of (absolute continuous) magnitude. 

From either point of view, the propositions 1-6 form a complete logical 
basis for a deductive mathematical theory. 

* Presented to the Society February 22, 1902. Received for publication March 5, 1902. 

t Following the usual distinction, we use ‘‘ postulate’’ to mean a proposition the acceptance of 
which is demanded or agreed upon as a basis for future reasoning, reserving ‘‘axiom’’ to mean 


‘*a self-evident proposition, requiring no formal demonstration to prove its truth, but received 
and accepted as soon as mentioned.”’ 
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The most recent work on this subject is a long and critical paper by O. 
HOLDER (see bibliographical note *) to which the present article is closely related. 


* Bibliographical Note.—The following references include papers in which the properties of 
magnitude are deduced from any system of postulates, whether or not the independence of the 
postulates is discussed. 

G. VERONESE, continuo rettilineo e ’assioma V. d’ Archimede, Atti della R. Accad. dei 
Lincei, Memoired.cl.d. scienze fis., mat. e nat., ser. 4, vol. 6 (1889), pp. 603-624. 

R. BETTAZZI, Teoria delle grandezze, 4° (1890), vii + 181 pp., Pisa. Awarded a prize by the 
R. Accad. dei Lincei. Reviewed in Darboux’s Bulletin des sciences mathématiques, 
ser. 2, vol. 15 (1891), pp. 53-68. 
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Fundamental concepts. 


A class of objects is determined when any condition is given such that every 
object in the universe must either satisfy or not satisfy the condition. Every 
object which satisfies the condition is said to belong to the class. 

(The condition might be such that no object would belong to the class; this 
case, however, we shall agree to exclude from the discussion—that is, we shall 
consider those classes only which contain at least one object.) 

A class thus defined is usually called, in mathematical parlance, an assemblage 
(Menge, ensemble), every object which belongs to the class being called an element 
of the assemblage.* 

A rule of combination in an assemblage is any rule or agreement by which, 
when any two elements (whether the same or different) are given, in a definite 
order, some object (which may or may not itself belong to the assemblage 7) is 
uniquely determined. 

If the first of the two given elements is denoted by a and the second by b, 
then the object which they determine is denoted by ao b—read: “a with b.” 

The notation x = y indicates that the two symbols x and y are used to repre- 
sent the same object, while 2 + y indicates that the objects represented by x and 
y are different. 

In the proofs of theorems I and III illustrations are drawn from the ordinary 
artificial systems of real and complex numbers. In the rest of the paper, how- 
ever, only the natural system of ordinal numbers ¢ is presupposed. 


(1901), pp. 73-84; 2) Un nouveau systéme irréductible des postulats pour V’algébre, presented 
to the International Congress of Mathematicians, Paris, 1900, reviewed in the Bulletin 
of the American Mathematical Society, 2d ser., vol. 7 (1900), p. 70. I have seen 
only the reviews of these papers. The fundamental concepts involved are the idea of an 
element successive to a given element, and the idea of an element symmetrical toa given ele- 
ment. 

*H. WEBER, Algebra, vol. 2 (1899), p. 4. 

Compare postulate 1. 

t The system of ordinal numbers is an assemblage characterized by the following fundamental 
properties, which PEANO (loc. cit.) has shown to be independent of one another : 

1°) The assemblage coutains a peculiar element, called the ‘‘first’’ ordinal number, and 
denoted by 1. 

2°) Every element, m, of the assemblage determines uniquely an object m+, which itself be- 
longs to the assemblage. This number m* is called the number next following the number iv. 
(The number 1+ is denoted by 2 ; 2+ by 3, etc.) 

3°) Whatever the number m may be, the number next following m is never 1. 

4°) If the numbers next following two numbers m and n are the same, then m and n are the 


same. 
5°) If S is any assemblage such that: (a) the number 1 belongs to S, and (b) the number 
next following m belongs to S whenever the number m belongs to S; then S contains every 
ordinal number. 
From these fundamental propositions follows the validity of the common method of ‘‘ mathe- 
matical induction.’’ (See also 12.) 


| 
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If any law is given by which every ordinal number & (4 =1, 2, 3. ---) 
determines a definite object (a,) the objects so determined are said to form 


an “infinite sequence,” in notation @,, +++, @,5 It should be 
noticed, however, that a, and a,(p+q) do not necessarily represent different 
objects, since, according to the given law, it may be that an object is repeated 
many times in the sequence. 

In the present paper we are concerned with the assemblages in which the rule 
of combination satisfies certain fundamental conditions, expressed in the six 


postulates of the following paragraph. 


The postulates of magnitude. 


1. Whatever elements a and b may be (a=6 or a+b), aob is also an 
element of the assemblage. 


2. aob+a. 
3. (40b)oc=ao(boc), whenever aob, boc, (aob)oe and ao(boc) 
belong to the assemblage. 


4. When a + b at least one of the following conditions is satisfied : either 
1°) there is an element x such that a=bowx, or 2°) there is an element y 
such that aoy=6b. 

5.* (Let the notation a<b indicate that an element y exists such that 
aoy=b; and let a=b indicate: a <b ora=b.) 


If S is any infinite sequence of elements (a,), such that 


(where c is some fixed element), then there is one and only one element A having 
the following two properties: 
1°) 4,=A whenever a, belongs to S; 
2°) if y and A’ are such that yo A’ = A, then there is at least one 
element of S, say a,, for which A’ <a,. 
6. Whatever element a may be, there are two elements x and y such that 
xOy =a; that is, in the notation explained in 5, there is an element x such 
thatu <a. 


Consistency of the postulates. 


THeorEeM I.— The postulates 1-6 are consistent with each other. 

To establish this theorem we have simply to exhibit some assemblage in which 
all the postulates are satisfied. Such an assemblage is the system of positive 

' This postulate 5 is essentially the same as the principle employed by WEIERSTRASS, in his 
lectures, for the definition of an irrational number. But instead of saying, under 2°), ‘‘if 


A’ <— A,” thatis: “if a y exists such that A’0y—4A,’’ I have inverted the order of the A’ and 
y. Cf. 24.) 


| 
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real numbers, when aob is defined as a+6. Another such assemblage is 
the system of positive real numbers greater than 1, when aod is defined as 
-axb. (See also 36.) 


Development of the theory in preparation for the proof of theorem II. 
Remarks. We notice that the two systems mentioned in the proof of theorem 
I are equivalent (simply isomorphic) ; that is, the first can be put into one-to-one 
correspondence with the second in such a way that when a corresponds with a’ 
and } with b’ then ao } will correspond with a’ob’. In theorem II we shall 
show that every assemblage which satisfies the postulates 1-6 will be equivalent 
with these. The propositions T-35, which we proceed to deduce from the fun- 

damental propositions 1-6, will prepare the way for the proof of theorem II. 


Greater and less. Fundamental inequalities. 


7. Definition. If with respect to two elements a,b an element x exists 
such that a= bow, we shall write: a>b (a greater than b) and b<a 
(b less than a). 


8. Of the three relations a=b, a>b, a <b of any two elements a and b 


1°) not more than one can be true, and (1,2, 8)* 
2°) at least one must be true. (4) 
The proof for the first part is indirect. 
9. If a>b and b>e then a>c.+ (1, 3) 
10. aob>a. (1) 
11. Jfb>b' then aob>aobd’. (1, 3) 


For, from 6 = b' ow it follows by 1 and 3 that aob =(aob')ox. 


Multiples. 


12. Ordinal numbers. On the basis of the fundamental properties men- 
tioned in the introduction, we state here briefly such other properties of ordinal 
numbers as we shall have occasion to use.t : 

a) Definition. The sum, p+ q, of two numbers, p and q, is the number 


defined by the following recurrent formule : 


p+2=(p4+i1)4+1; 


b) p+q=4q+> p. (Proof by mathematical induction.) 


* With every theorem will be indicated the fundamental propositions from which it is deduced. 

+ From 8 and 9 we see that any assemblage which satisfies 1, 2, 3, 4 will possess Gréssenvhar- 
akter in the sense defined by SCHONFLIEs, Jahresbericht der deutschen Mathematiker- 
Vereinigung, vol. 8 (1900), Bericht iiber die Mengenlehre, p. 15. ; 

t The most accessible proofs are in STOLZ and GMEINER, loc. cit., pp. 12-23. 
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c) Definition, The product, gp, of two numbers, p and q, is the number 

defined by the following recurrent formule : 
lp 2p = 1p +p; 3p = 2p TPs °°°3 (k + l)p= kp +p. 

d) qp=pq- (Proof by mathematical induction.) 

e) If p + q, then there is either a number 2 such that p= q+ 2 or else a 
number » such that g = p+ mu (and not both). In the first case p is said to 
come later, in the second case earlier, than q in the sequence of ordinal numbers. 

13. Multiples. 


a) Definition. The mth multiple, ma, of any element a (m being any ordi- 
nal number) is the element defined by the following recurrent formule: 


la=a; 2a=laoa; 8a=2ao0a; -:-; (k+1l)ja=kaoa. (1) 


All the multiples of any element a clearly belong to the assemblage, by 1; 
but it should be noticed that there is nothing in postulate 1 to prevent some or 


all of these multiples from being the same. (See 13/) 


b) paoqa=(p+q)a. (1, 3) 

The proof by induction with respect to g involves 13a, 3, 12a. 

c) paoga=qaopa. (By 126 and 13d.) (1, 3) 

d) q( pa) = (qp)a. (1, 3) 

The proof by induction as to g involves 13a, 12c, 130. 

e) q( pa) = p(qa) = qpa=pqe. (By 12d and 13d.) (1, 3) 
(1, 2,3) 


ST) pa= qa when and only when p= q. 

For, if p = gq, then pa=qa, by identity. Conversely, if pa = qa, then 
p = q; for, suppose p + q, then by 12e either p = ¢ + A’ or g=p + pw, whence, 
by hypothesis and 13d, either ga= gaoXa or pa=paoud, relations each 
impossible, by 2. 

g) pa> qa when and only when p comes later than q. In particular, 
pa=a. (1,2, 3) 

For, if p comes later than g, then by 12e and 13, pa = qao Xa, whence, by 
7, pa>qa. Conversely, if pa > ga, then p comes later than q¢; for suppose p 
earlier than g, or else p=q, then by 12e, 13), 13f we should have either 


qa = pao pa or else pa = qa, relations each impossible by 8, 1°). 
h) (bo pa) 0(qaoc) = (boga)o( pace). (By and 3.) (1, 3) 


Principle of Archimedes. "urther inequalities. 


14. Principle of Archimedes. Whatever elements a and b may be, there 
(1, 2,8, 4,5) 


is a multiple of a, say ma, such that ma> b. 
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The proof is indirect, as follows: Suppose the theorem to be false; then, by 
8, na = b, or, by 10 and 9, na < 2b, for every multiple of a. Now by 13g 
the successive multiples of a form an infinite sequence of elements each of which 
is less than the succeeding one. From this fact and the supposition na < 2b 
follows by 5 the existence of an element A having the following two properties: 

1°) na = A for every multiple of a; 

2°) if yo A’ =A there is at least one multiple of a, say n’a, such 

that n’a> A’. 

From 1°) it follows that a <A, by 13g and 9; therefore there is by 7 an 
element A’ such that ao A°'= A. Hence, by 2°), we have n'a > A’ for at 
least one multiple of a@. From this relation follows, by 11, aon’'a>aoA’, 
that is, aon’a> A, whence, by 13¢ and 13a, (n'+1)a> A. This last re- 
sult, however, is in contradiction with 1°). Therefore the theorem must be true. 

15. If a <b there are two successive multiples of a, say pa and (p +1)a, 
such that 

pa<b=(pol)a. (1,2, 3, 4, 5) 


For, there is one multiple of a, viz., 17, which is, by hypothesis, less than b. 
Hence, if it were true that (» + 1)a¢ <b whenever pa < b, it would follow by 
mathematical induction that ma <b for every multiple of a, a result impos- 
sible by 14. 

16. aob~>b. (1, 2,38, 4, 5) 

When a = + the theorem is clearly true, by 10 and 9. 

When a we have, by 15, pa <b =(p+1)a. From pa < follows, 
by 11, ao pa < aob, or, by 138¢ and 18a(p+1)a<aob. Buthb =(p+ 
hence, by <aob. 

17. Ifa>a thenaob>a'ob. (By T, 1, 3, 16, 11.) (1,2, 3,4, 5) 

18. Jfa>a’ andb>W' thenuob>a' ob’. (1,2, 3, 4, 5) 

(By 11, 17, 9.) 

19. Let acob=a'ob’; then fron b=b' follows a=a',and from b>b' 
follows 2. 4, 5) 

For the other suppositions (8) lead to contradictions with 17, 11 or 18. 

20. Ifa> a’ then ma> ma’. (1,2, 38, 4, 5) 

The proof by induction involves 18 and 13a. 

21. If ma=mua' thena=a'; ifma>ma' thna>a’. (1,2, 8, 4, 5) 

For the other suppositions (8) lead to contradictions with 20. 


The commutative law. 


22. Commutative law. 


aob=boa. (1,2, 3, 4, 5) 
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It is clear that in any assemblage which satisfies 1-5, the postulate 6 must be 
either true or false. By considering both cases, we shall prove the commutative 
law from 1, 2, 3, 4, 5 without using 6. 

Case I. Wet postulate 6 be false; then the given assemblage contains a 
minimum element /, such that whatever element a@ may be a= E. Then 
every element of the assemblage is some multiple of FE. 

For, suppose there were an element c not a multiple of #; then, since 
E <c, we have, by 15, pE<e<(p+1)#. Hence, by 7, pEoy=c and 
coz=(p+1)£, whence (pKoy)oz=(p+1)F, or, by 3 and 18a, 
pEo(yoz)=pEoL. But from this follows, by 19, yor = £, or, by 7, 
y < £, which is impossible in this case. 

Since every element is thus of the form m£’, the commutative law follows at 
once from 13c. 

Case II.* Let postulate 6 be true ; then whatever element a may be, there are 
wo elements x and y suchthat zo y= a. The proof for this case is indirect. 

Suppose aob < boa; then, by 7, (aob)oy=boa. 

By 6 take y’ oy” = y, and ~& less than the least of the four elements y’, y’, 
a,b. Froma<y’ and «x <y’ follows, by 18, cow < y' oy’, that is, 

Since x <a and w <b, we can take » and gq by 15 such that 

pe<a = (pt+ 
and 
qe <b 

From the first parts of these inequalities, we have, by 18, progr <aob, 
whence, by 17, (progr)oy <(aob)oy, that is: 
A) (peogeyoy<boa. 

From the second parts of the same inequalities, reversing the order, we have, 
by 18 and 13a, boa = (qvow)o( prow), or by 13h 

boa =(qropx)o(xor), 
whence by 11 and 9 
B) boa<(qropzx)oy. 
These two results, A) and B), are, however, inconsistent, by 8; for by 18c 
pro ye = geo px; 
therefore the supposition from which they were deduced is false. 

In a similar way we can show that the supposition a0 6 > boa is also false. 

Hence by 8 the third possibility, viz.. cob = boa, must be true. 


* Cf. HOLDER, loc. cit., p. 13. 
Trans. Am. Math. Soc. 18 
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23. (bLox)o(yoce) =(boy)o(xoe). (1, 2,3, 4, 5) 
The proof is the same as the proof of 13h, when 22 is used in place of 13c. 
Limit of an increasing sequence. 
24. If S is any infinite sequence of elements (a,), each of which is less 
than the succeeding one, and also less than some fixed element c: 


a 


1? (k=1, 2,3,---), 


then there is one and only one element A having the following two properties : 


1°) a, = A whenever a, belongs to S; 
2°) if A’ <A there is at least one element of S, say a,, for which 
A’ < a. 
The element A thus determined is called the limit of the infinite sequence S 
and is denoted by lim (a,). (1, 2,3, 4, 5) 


Proof. Whenever A’ < A there is an element y such that yo A’ = A; 
for by 7 there is an element y such that A’o y = A, and by 22 


A’oy=yoA’. 


Therefore by 5 there is at least one element A which has the properties 1°) 
and 2°). Further two elements 4, 2 each with both these properties are the 
same. For suppose B <A. Then by 2°) as to A there is an element of S 


which is greater than 2, while by 1°) as to B no element of S is greater than B. 


25. If lim (4,) = A and lim (b,) = B then lim (a,O 6.) = AoB. 

(1, 2,3, 4, 5) 

We consider here two cases, as under 22. 

Case I. Let postulate 6 be false. Then there is a minimum element / 
such that, whatever element @ may be, a = F; whence, as we saw in 22, Case I, 
every element is some multiple of /’. In this case, by 189, there cannot be an 
infinite number of elements less than a fixed element ¢c = m/’, and hence the 
conditions in the hypothesis cannot be fulfilled. 

Case IT. Let postulate 6 be true. Then whatever element a may be, there 
are two elements x and y such that xoy=a. The first condition 1°) for the 
truth of the theorem is in this case clearly satisfied; for by hypothesis and 
24, 1°) a, = A and b, = B; hence, by 18, 4,06, = Ao B for every index k. 

To show that the second condition, 2°), is also satisfied, let C’ be any element 
<AoB. By 7, Coy=AoB; by 6 take y’ oy’ =y and = less than 
the least of the elements y’, y’, A, B; and by 7 and 22 take A’ and J’ such 
that A, B’ox=B. Hence (A’ox)0(B’ ox) =AOB, that is, by 
23, (A’o B’)o(xoz) o(y' oy’), while, by 18, xox <y'oy’. Therefore 
by 19, A’ > C’. 

But by 7, A‘ < A and B’ < B: therefore by 24, 2°) there is an element 
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a,> A’ and an element b,> B’. Let » be an index that comes later than s 
and t; then by 9, a> A’ and 6 > B’, whence, by 18, a4.0b,> A’o B’. 
Therefore, by 9, a,0b. > C’, and the theorem is established. 
26. If lim (a,)= A then lim (ma,)=mA. (1, 2,3, 4, 5) 
The inductive proof involves 13a and 25. 


Submultiples. 


27. Lemma. Given a and m there is an element y such that my <a. 
(1, 2,3, 4, 5, 6) 

If the theorem is frue when m=, we shall have, by 7, nzoz’ =a, and 
by 6 we can take y less thanz and z’. Then, by 20, ny < nz and, by 18, 
ny Oy <nz02', whence, by 18a, (n+ 1)y <a; that is, the theorem will be 
true when m=n2-+1. But it is clearly true when m =1, by 6; hence it will 
be true for every value of m. 

28. Given any element a and any ordinal number m there is one and only 
one element x such that mx =a. 

The element x thus determined is called the mth submultiple of a and is 
denoted by ajm. Thus m(a/m)=a. (1,2, 3,4, 5, 6) 

The proof in outline is this: we construct an infinite sequence of elements 
Which has by 24 a limit x; we then prove that the sequence 
mx,,mx,,mzx,,--- has the limit a, whence it follows that x is the element 
required in the theorem. 

a) The first element of the sequence is found as follows: 

Take y, by 27 so that my, <a, and then p, by 15 so that 


p,(my,) <4 = (p, + 1)(my,); 
hence, by 18e and 18a, m(p,y,) <a S m(p,y,) omy,. 


Then for the first element of the sequence we take x, =p,y,, and by 7 we 


have mz,0e, =a. 
b) When any element, as the /th, has been found, the next following element 


—the (4 + 1)th—is obtained as follows : 
We have 


(1) mx, Oe, =a. 
By 27 take y,,, so that 

(2) + 1)my,,,<¢,; 
whence, by 13g and 16, 

(3) <a. 


Then take p,,, by 15 so that p,,,(my,,,) <a = (p,,., + 1)(my,,,), whence 
by 13e and 13a 
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For the (k + 1)th element we then take x,,, = p,,,¥,,,, and by T we have 
(5) =a. 
c) In the sequence thus determined we have from (4) and (5) 


hence by 8 and 11 
(6) = MY 


From (6) and (3) we have, by 9, e,,, < e,, while from (1) and (5 


MH, i= = a. 


k+ 


Hence by 19 and 10 


(7) M2, < <a, 
and by 21, 13g and 9 
(8) <%,, <6. 


Further, if c is any element, there is an index r such thate <c. For, if 
c Se, for every index k, then c=e,,,, or by 20, (6), (2), and (8) 


(A+ 1)e S(k+ lyje,,, =(k+ 1)my,,,<e,<a 


for every ordinal number k + 1, which is impossible by 14. 
From this it follows that if a’ < a then there is an index 7 such that 


(9) a’ 


For, let oz=a by 7 and take <z. Then by (1) oz=™mz,0e, 
whence, by 19, a’ < mzx.. 

d) The theorem is now readily established ; for, from (8) it follows by 24 
that the sequence 2,, x,, x,, --- has a limit: lim (x,) =a; hence by 25 
lim (mx,)= max. But from (7) and (9) we have by 24 lim (mx,)=a. There- 
fore mx =a. That no other element, x’, can have this property follow at once 
from 21. 

29. If p comes later than q in the sequence of ordinal numbers (12e), then 
a/p<a/q. In particular, a/p=a. (1,2,3, 4, 5, 6) 

For, suppose a/p = a/q; then, by 18g and 20, p(a/p) > q(a/p) = q(a/q), 
whence, by 28, a > a, which is impossible. 


30. Whatever elements a and b may be, there is a submultiple of a, say 
a/m, such thatam<—b. (By 8, 20, 28, 14.) (1,2,3, 4, 5, 6) 


Rational fractions. 


31. Definition. Any multiple (13a) of any submultiple (28) (or any submul- 
tiple of any multiple) of an element a, is called a rational fraction of a; in 
notation pa/q. (1, 2,38, 4, 5, 6) 
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This (ambiguous) notation is allowable, for by 18e and 28 we have 

= = pa, whence, by 28, 
= (pa)/q- 

32. The following theorems are deduced from 31 by the aid of 12, 13, 21 
and 28. (1, 2,3, 4, 5, 6) 
a) mpa/mq = pa/q. . 
For, mq (mpa/mq) = mpa = mq( pa/q), by 18e and 28. Hence follows the 

theorem, by 21. 

b) pa/gop'a/y = + 
For, pa/g = q'p(a/qq’) and p'a/q’ = qp'(a/qq'), by a) and 12d. Hence fol- 
lows the theorem, by 130. 

c) pa/g =p'a/q’ when and only when q'p = gp’. 

d) paig> p'a/q’ when and only when q'p comes later than qp’. 

These two theorems follow by 13fand 13g from the equations given under }). 

e) If pajg <p'a/q' there is a rational fraction of a, say ma/n, such that 
pa/qgoma/n = p'a/q’. 

Since by d) q’p comes earlier than gp’, there is by 12e an ordinal number yu 
such that g'p + u=qp’, and if we take ma/n = ua/gqq’, we shall satisfy the 
theorem. For by a), 12d and 13d 

pa/q 0 ma/n = q'p(a/qq') (a/9q') = (Gp + = = 

33. Given c, and a < b, we can find me/n such that a << me/n <b. 

(1, 2,3, 4, 5,6) 

Let aoy=b, by 7. By 30 and 16 take cn <y <b, and by 15 take m so 
that m(e/n) <b = (m+1)(e/n). Thena<me/n. For, if a = me/n, then, by 
18, aoy>me/noe/n, or, by 18a, b> (m + 1)e/n, which is impossible. 

34. Given me/n <aob, we can find pe/g <a and p'e/q’ <b such that 
pe/gop'e/q = men. (1, 2,8, 4, 5, 6) 

To fix our ideas, let a = b. 

If me/n = b, take cg <a and <me/n, by 30, and by 32¢ take p’c/q’ so 
that ¢/gop'c/q’= me/n. Then by 16 and 9, p’c/q’<b. 

If b <me/n, we have, by 7 and 22, yob = mc/n < aob, whence, by 17, 
y<a. By 33 and 9 take pe/g so that y < pe/g aSb < men and by 
32e take p’c/q’ so that pe/q me/n = y Ob, whence, by 19, p’e/g’<b- 


Upper limit of an assemblage of rational fractions. 


35. If U is any assemblage of rational fractions of a such that every ele- 
ment of U is less than some fixed element c, then there is one and only one 
element A having the following two properties : 

1°) every element of Vis = A; 
2°) ifa' <A, there is at least one element of U whichis >a’. 
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The element A thus determined is called the upper limit of the assemblage 
U, and is denoted by L (U ). (1,2,3, 4, 5, 6) 

Proof: 

Case I.—Suppose the assemblage U/ contains a maximum element ; then this 
maximum element will clearly be the element A required in the theorem. 

Case IJ.—Suppose on the other hand that U does not contain a maximum 
element. Then when any element of U is given we can find another ele- 
ment of U greater than the given one; whence it follows that U is an infinite 
assemblage. 

To establish the theorem in this case we make use of a device due to G. Can- 
TOR by which the assemblage of all the rational fractions of a can be arranged 


in an infinite sequence, /?, as follows : 


1 2 3 4 5 6 7 8 9 10 11 12 13 14 «#15 
9 
$4; ha, 3a; 54, 3a, 4a; 44, $a, 3a, 4a; 3a, fa, 


Taking this complete sequence 72 we first cast out every element which does 
not belong to UV; what is left is a sequence (’’ containing all the elements of 
U and no others. WU’ will be an infinite sequence, since {’ is an infinite 
assemblage, but its elements will not, in general, be arranged in order of 
magnitude. 

Out of the sequence 1’ we then select the elements Bg Bigs Bus 
#, is the first element of U7’; », is the first element beyond «, which is greater 
than w,: », is the first element beyond », which is greater than x,; and so on; 
in general, «,,, is the first element of U7’ which is > x,. (When any element 
x, of this sequence is given, the next element, «,.,, can surely be found, since 
otherwise x, would be a maximum element, which contradicts the hypothesis.) 

The elements -- - thus determined form an infinite sequence, S, in 


as follows: 


which every element is less than the succeeding one, while all (being elements of 
U’) are less than the fixed element ¢. Hence by 24 the sequence S determines 
a definite element A as its limit: /im (#,)= A. 

Now first, every element of U will be = A. For, suppose pa'g > A were 
an element of U’, and hence occupied a place in the sequence U’’. Then either 
pa q would itself belong to S, or else some earlier element of VU’, which is 
= paq, would belong to S: in either case we should have an element of S 
greater than A, which is impossible, by 24, 1°). 

And secondly, if A’< A, there is an element of U which is > A’. For, by 
24, 2°), there is an element of S which is > A’, and this element belongs also 
to U. 


Therefore the element A satisfies both the conditions in the theorem. 
(Proof as in the 


Further, no other element can satisfy both these conditions. 
latter part of 24.) Hence the theorem is true in all cases. 
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Sufficiency of the postulates to define an assemblage. 


Tueorem II.—Any two assemblages M and M’ which satisfy the postu- 
lates 1-6 are equivalent; that is, they can be brought into one-to-one corre- 
spondence in such a way that aob will correspond with a'ob' whenever a 
and b in M correspond with a’ and b' in M’ respectively. 

First, take any element 4 of M and any element £’ of J/’, to serve as 
“unit elements.” 

a) To every element a of M we can assign a definite element a’ of M’', as 
follows: 

Let U be the assemblage of all rational fractions of & which are less than 
a,* and let U’’ be the assemblage comprising the same rational fractions of 2’. 
(That is, pZ''/q¢ is to belong to VU’ when, and only when, p//q belongs to U.) 
Now by 9 every element of U is less than some fixed rational fraction mE n 
(where a <mEjn). Therefore by 32d every element of U’ will be less than 
mE'/n. Hence by 35 the assemblage U’ will have an upper limit, a’; this 
element a’ we then assign toa. We have then L(U)=aand L(U’)=a’. 

b) Similarly to every element of M’' we assign a definite element of M. 

c) Further, if a’ is the element assigned to a, then a will be the element 
assigned to a’. 

To prove this it is sufficient to show that every rational fraction of Z’ which 
is less than a’ belongs to U’. Thus, let p/’'/qg be any such fraction. Then 
by 24, 2°), since L(U’) =a’, there is an element of U’, say XZ’’/z, for which 
whence, by 32d, pE/qg<rAE But <a, since other. 
wise XX#’'/u could not belong to U'; hence, by 9, pq <a, and therefore 
pE’'/q belongs to VU’. Thus a strictly one-to-one correspondence is established 
between MW and 

d) To prove the second part of the theorem, let U, V and W be the assemblages 
comprising all the rational fractions Z which are less than a,b and ao 6 respectively. 

Then, if x belongs to U7 and y to V, xoy will belong to W, by 326 and 
18. And if z belongs to W we can find an « of U and ay of V such that 
roy = 2, by 34. 

Thus the assemblage W is composed wholly of elements of the form 2 0 y. 

Similarly, if U’, V’ W’ are the assemblages comprising all rational frae- 
tions of which are less than a’, a’ ob’ respectively, then W’ will be 
composed wholly of elements of the form «’oy’, where x’ and y’ belong re- 
spectively to and 

Now by hypothesis U and LU” (and also V and V’) comprise the same 
rational fractions of ’ and £” respectively. Hence, by 32), W and W’' will 
also comprise the same rational fractions of / and £’’ respectively; that is, 
a’ ob’ will correspond with aod. 


“Cf. DEDEKIND’s idea of a cut (Schnitt) in his Stetigkeit und irrationale Zalilen. 


| 
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36. From Theorems I and II we may say that the postulates 1-6 define 
essentially a single assemblage. This assemblage we call the system of abso- 
lute continuous magnitude, and the rule of combination addition. 

For example, the two systems of artificial numbers mentioned in the proof of 
Theorem I are systems of magnitude in the sense here defined. 

Another example (if we admit the usual geometric axioms) is the system of 
distances laid off along a line in one direction from a fixed point, ao b being 
defined as the combined length of a and 4, or, equally well, as the length of 
the hypotenuse of the right triangle whose legs are a and b.* 


Independence of the postulates. 


THeoreM III.—7Zhe postulates 1-6 are independent; that is, no one of 


them is a consequence of the other five. 

The independence of any one of the postulates will be proved if we can find 
any assemblage which satisfies all the other postulates, but not the one in ques- 
tion.t We give below an assemblage of the required sort for each of the six 
postulates, thus establishing the theorem. 


M,) Let M, be the assemblage of all positive real numbers less than 10: 
0 <a <10; and let aod be defined asa +6. Then J satisfies all the other 
postulates, but not 1. 

Postulate 1 is clearly not satisfied, since, for example, 508 = 13 is not an 
element of the assemblage. The other postulates all hold. 


M,) Let M, be the assemblage of all real numbers, while aob=a + 6b. 
Then M, satisfies all the other postulates, but not 2. 

Postulate 2 does not hold, for ao0 =a. Postulates 1, 3, 4 and 6 clearly 
hold. In 5 notice that whatever elements @ and } may be there is always an 
elenient 7 such that aoy=b, so that by the definition of the symbol <, we 
shall have a < 6 for all values of a and 6. Hence S may be any infinite se- 
quence of elements, and any element will answer,for c; then 5 is satisfied, since 
any element may be taken as A. 

M,) Let W, be the assemblage of all real numbers, while a 0b is defined as 
follows: when a + 6, aob=(a+5)/2; when a=b,aoa=a+1. 

Then J, satisfies all the other postulates, but not 3. 

The third postulate does not hold, since, for example, (206)010=7, 
while 20(6010)=5. Postulate 1 is clearly satisfied ; 2 also holds, since 
(aob)/2 +a when a+b. In 4 we can take y= 2b —a and in 6 we can 
take x = a — 1 = y; hence 4 and 6 are satisfied. In 5 notice that a < 6 when- 


* This last illustration is used by H. WEBER, loc. cit., vol. 1, p. 9. 
t This method was employed by PEANoO (loc. cit.) and by HILBERT in his Grundlagen der 


Geometrie, Leipzig, 1899. 
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ever «a + 0, since whenever a + 4 there is an element y, viz., y = 2b — a, for 
which aoy=6. Hence S may be any infinite sequence in which each ele- 
ment is different from the one next following; and ¢ may be any element not 
belonging to S. We can then take as A the element c, and 5 is satisfied. 


M,) Let M, be the assemblage of all the couples of the form (a, 8) where a 
and £8 are positive real numbers ; and let the rule of combination be the following: 


(4,, B,)0(a,. B,) = (4, + B, + B,). 


Then J, satisfies all the other postulates, but not 4. 

(The couples (a, 8) may be represented as the points in the first quadrant 
of the complex plane, excluding the axes.) To show that 4 does not hold, con- 
sider, for example, a = (2, 5),b=(2,4). Postulates 1, 2,3 and 6 clearly 
hold. In 5 notice that when (a,, 8,) <(a,, 8,) then a, <a, and 8, < 8,, ae- 
cording to the definition of the symbol <. Hence, under the conditions in 5, 
the a’s of the couples which belong to S have an upper limit &, and the 9's an 
upper limit, 7. If now we take A = (&, 7) we see that 5 is satisfied. 


M,) Let M, be the assemblage of positive rational numbers, while 
aob=a+b. Then &, satisfies all the other postulates, but not 5. 

Postulate 5 is not satisfied ; for, consider any sequence of increasing rational 
fractions used to define any irrational number, as “2. All the other postulates 
clearly hold, 


M,) Let M, be the assemblage of positive integers, while aob=a + b. 
Then J/, satisfies all the other postulates, but not 6. 

Postulate 6 clearly does not hold, since J/, contains the minimum element 1. 
Postulate 5 is satisfied; for no infinite sequence S which satisfies the condi- 
tions stated can occur. All the other postulates clearly hold. 


Two unsolved problems. 

1. Suppose that in 5, 2°) the condition: “yoA’ =A” be replaced by: 
“A’oy=A.” Can 14 and 22 be deduced from the postulates in this form, 
or must a new postulate like this: * “Given a@ and bd, there is an x such that 
ao0b=box”—be added? In the latter case, how is the independence of 
the new postulate to be proved ? 

2. Suppose that in 5 the “sequence S” be replaced by: “ any assemblage of 
elements all of which are <c.” Is postulate 4 then deducible or still inde- 


pendent ? 
HARVARD UNIVERSITY, 
CAMBRIDGE, MAss. 


* Cf. H6LDER, loc. cit., p. 5, footnote, axiom [5]. 
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COMPLETE SETS OF POSTULATES FOR THE THEORIES 


OF POSITIVE INTEGRAL AND POSITIVE RATIONAL NUMBERS” 


BY 
EDWARD V. HUNTINGTON 


By properly modifying the set of postulates considered in the preceding paper, 
we can construct two different sets of postulates such that every assemblage 
which satisfies either of these new sets will be equivalent to the system of positive 
integers, when aob =a + b.* 

In the first set ($1), postulates 1-5 are left unchanged, while 6 is replaced 
by a new postulate 6’. In the second set ($2), postulates 1-3 are retained, 
while postulates 4,5 and 6 are replaced by a single postulate, 4”. Both of 
these sets are complete sets of postulates in the sense defined on p. 264, 
although one contains six postulates and the other only four. A problem 
is therefore at once suggested, to which no satisfactory answer has as yet been 
given, viz., “ when several complete sets of postulates define the same system, 
which shall be regarded as the best?” 

By a further modification of the postulates, in which 1-3 are still retained, 
while 4,5 and 6 are replaced by 4” and 5”, we obtain ($3) a complete set of 
postulates for the theory of positive rational numbers. 


$1. First set of postulates for positive integers. 


1, 2, 3, 4,5. The postulates 1,2,3,4,5 on p- 267. 

6’. There is an element FE such that roy + E whenever y + E. 

TuHeoreM I’.—The postulates 1, 2,3, 4,5 and 6’ are consistent. (Cf. 
Th. I.) 

For, one system which satisfies them all is the system of positive integers, 
with aob defined asa +6. (In 6’ take F=1.) 

Another such system is the assemblage of all positive integral powers of 2: 
2', ..., with aod defined as a x 6. (In 6’ take 2. 

* Presented to the Society February 22, 1902. Received for publication March 8, 1902. 

Of course this work throws no new light on the fu: damental nature of the numbers, since 
the whole system of ordinal numbers is assumed in defining the sequence of multiples of any 
clement (12). For discussion of the more fundamental problems, see DEDEKIND, Was sind und 
was sollen die Zahlen? and the papers of PEANo and PADOA already cited. 
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TuHeoreM II’.— All the assemblayes which satisfy postulates 1,2,3,4,5 
and 6’ are equivalent. (Cf. Th. II.) 

To establish this theorem, notice first that propositions 7-26 in the preceding 
paper, being deduced from 1, 2, 3, 4, 5 alone, will hold here also. 

Hence, the element F in 6’ is a minimum element; that is, whatever element 
amay be,a= F£. (For, if we suppose a < / then, by 7, a0 y = £, which is 
impossible by 16 if y = £, and by 6’ if y + F; hence, by 8, a= £.) 

Therefore, as we saw in 22, Case I, every element must be some multiple of 
FE; all the multiples of / belong to the assemblage, by 1, and by 13/ no two 
of them are the same. 

Then any two assemblages which satisfy 1-5, 6’ can be brought into one-to- 
one correspondence by assigning the multiples cf # in M to the same multiples 
of £” in M’; and when this is done, aob6 will correspond with a’ ob’ by 136. 

Thus the postulates 1, 2, 3,4, 5 and 6’ are sufficient. 


THeoreEM III’.— The postulates 1, 2, 3, 4,5 and 6’ are independent. (Cf. 
Th. IIL.) 

To establish the independence of these postulates we employ the following 
assemblages : 

M,) Let M; be the assemblage of all positive integers less than 10, while 
aob=a+b. Then ' satisfies all the other postulates, but not 1. 


M);,) Let M) be the assemblage of all positive integers and 0, while 
aob=a+b. Then MM) satisfies all the other postulates, but not 2. 


In 5 notice that whenever a = 6 numerically, a < 6 in the sense in which this 
notation is used in 5. Hence the sequence S will have a maximum element 
which can be taken as A. 

M‘,) Let WM’ be the assemblage of all positive integers, while ao is defined 
as follows: when a + 6, aob=b; when a=b, aoa=a+1. Then I; 
satisfies all the other postulates, but not 3. 

Postulates 1 and 2 clearly hold. Postulate 3 fails, for ao(aoa)=a+1 
while (aoa)oa=a. In 4 take y=); then, since a+y, aoy=b. To 
satisfy 6’ take H=1. In 5d notice that whenever a + 6 we shall have a < / 
in the sense in which this notation is used in 5. Hence S may be any infinite 
sequence in which no two successive elements are the same; and any element 
not belonging to S will answer for c. Now take the element ¢ as A; thus 5 is 
satisfied. 

M;,) Let MW, be the assemblage of all positive integers greater than 1, while 
aob=a+b. Then JW; satisfies all the other postulates, but not 4. 

To show that 4 fails, take a=6 and b=7. In 6’ take F=2. In 5 
notice that whenever 4 — ¢ > 1 numerically,a <? in the sense in which this 
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notation is used in 5. Hence 5 is satisfied, since no infinite sequence which 
satisfies the conditions stated can occur. 


M‘)* Let MW; be the assemblage of all couples of the form (a, 8), where a is 
any integer (positive negative or 0), and § any positive integer or 0, provided 
that 8 shall not be 0 unless a is positive. Let the rule of combination be the 


following : 


B,)0(a,, B,)= (2, + B, + B,). 


Then W; satisfies all the other postulates, but not 5. 

(These couples (a, 8) may be represented by those points in the upper half 
of the complex plane whose codrdinates are both integral, together with the 
points (1, 0), (2, 0), (8, 0), --- om the a-axis.) Postulates 1, 2, 3 are clearly 
satisfied. To see that 4 is satisfied, let a = (a,, 8,) andb=(a,,8,). Then if 
8, > 8, take = (a,—a,, 8, —8,); if B, <A, take y= (a,—a,, B, —8,); 
and if 8, = 8, take x = (a, — a,, 0) or y = (a, — a,, 0) according as a, > a, or 
a,<a,. To see that 5 fails, consider the sequence (1, 0), (2, 0), (3, 0), --- 
withe = (1,1). In 6’ take (1,0). 

M,.) Let .W; be the assemblage of all positive real numbers, while 
aob=a+bh. Then J; satisfies all the other postulates, but not 6’. 


$2. Second set of postulates for positive integers. 
1, 2,3. The postulates 1, 2,3 on p. 267. 
4°. There is an element E such that every element is some multiple of E ; 


that is, given an element a there is always some ordinal number m such that 
mE=a. (See 13a.) 


THEOREM 1|”..— The postulates 1, 2, 3 and 4” ave consistent. 
For both the assemblages mentioned under Th. I’ satisfy them all. 


THEOREM I1".—A// the assemblages which satisfy the postulates 1,2, 3 
and 4” are equivalent. 

For, propositions 13a to 13/ in the preceding paper, being deduced from 
1, 2, 3 alone, will hold here also. Therefore by 137 no two multiples of Z will 
be the same.—But by 1 all the multiples of / are elements of the assemblage, 
and by 4” there are no elements which are not multiples of Z. 

Hence the theorem follows precisely as under Th. II’; that is, the postulates 
1, 2, 3 and 4’ are sufficient. 

Tueorem II1".— The postulates 1, 2, 3 and 4” are independent. 

The assemblages which we use in the proof of independence here are the 


following : 


* The system M; was suggested to me by Professor BOCHER. 
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M’) Let M7; be the assemblage of all positive integers less than 10, while 
aob=a+b. Then MM" satisfies all the other postulates, but not 1. 

M*)* Let MM; be an assemblage containing only a single element, a, the rule 
of combination being, of course, aoa@=a. Then 1% satisfies all the other 
postulates, but not 2. 

Postulate 2 clearly fails, and 1 and 3 clearly hold. In 4” take E=a and 
m=1; then a=1£, so that 4” also holds. 


M’) Let MM’; be an assemblage containing only two elements, a and b, the 
rule of combination being taken as follows: 


aoa=b; aob=b; boa=a: bob=a. 


Then MW satisfies all the other postulates, but not 3. 

Postulate 3 fails, since, for example, (coa)oa=boa=a, while 
ao(aoa)=aob=b. Postulates 1 and 2 clearly hold. In 4” take F=a, 
then a = 1Z and 6 = 2F, so that 4” also holds. 

M*) Let M7 be the assemblages of all positive real numbers, while 
aobh=a+6. Then MM" satisfies all the other postulates, but not 4”. 

Since there is no element Z of which 2 and 1/2 are multiples, 4” is not satis- 
fied. 

$3. The set of postulates for positive rational numbers. 

1, 2,3. The postulates 1, 2, 3 on p. 267. 

4”, Given any elements a and b, there is an element z of which both a and 
b are multiples: a= pz,b=qz. (See 13a.) 

5”. Given any element a and any ordinal number m, there is an element x 
such that me =a. (See 13a.) 


THeorem |”.— The postulates 1, 2, 3, 4” and 5” are consistent. 

For, one assemblage which satisfies them all is the system of positive rational 
fractions, with aob=a-+b. 

Another such assemblage is the system of all positive rational powers of 2, 
with aob=a~x b. 

TueoreM II”.— All the assemblages which satisfy postulates 1, 2, 3, 4” and 
5” are equivalent. 

In the first place, propositions 13 will hold, by 1, 2, 3. 

Next, 20 will hold. For, by 4” let a = pz and a’ = p’z; then if a> a’ we 
have pz > p'z, whence, by 139, p comes later than p’, and p(mz) > p'(mz); 
therefore by 13e, m( pz) > m(p'z), or, ma > ma’. 


* The system Mm, might have been used in place of M, on p. 278. 
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From 20 follows the truth of 21. 

Further, the element x in 5” is uniquely determined. For, suppose x and 2’ 
are both such that ma = mx’ =a, and by 4” let x= pz and x’ =p'z. Then 
m( pz) = m( pz), or, by 18e, p(mz) = p'(mz), whence, by 13f, p = p’, that is, 

Therefore 28, and hence 31 and 32, will hold. 

If now a “unit element” /# be chosen at pleasure, every element, a, will be 
some rational fraction of E. For, by 4", a= pz and # = qz; therefore, by 
13e, ga = q( pz) = p(qz) = pL, whence, by 28, a= p£/q. 

Then if 17 and M’ are any two assemblages satisfying all these postulates, 
we can assign to every element p’/q in WV a definite element p£’/g in WM’; 
the correspondence thus established will be a one-to-one correspondence, by 32c ; 
and a ob will correspond with a’ ob’ by 32d. 

Thus the postulates 1, 2, 3, 4” and 5” are sufficient. 


Treorem III”.— The postulates 1, 2, 3, 4” and 5” are independent. 

This theorem is proved by the use of the following assemblages: 

M,”) Let M,”” be the assemblage of all positive rational fractions less than 
10, while aob=a+b. 

M,", The assemblages 17,”, M,’, in § 2. 

M,”) Let M,” be the assemblage of all positive integers, while aob=a+b. 
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